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Abstract

This master’s thesis presents a number of important concepts in logic such as models,
entailment, and proof calculi within the framework of category theory. By describing
these concepts as categories, a tremendous amount of generality and power is gained.
In particular, this approach makes it possible to reason about maps from one logic to
another in a consistent and convenient manner. By a consistent map is meant that the
truth stays invariant, that is, a statement true in the source logic is mapped to a similarly
true statement in the target logic. Conversely, a statementfalse in the source logic is
mapped to a statement false in the target logic.

While the thesis focuses on the theoretical notions outlinedabove, a brief coverage
of two practical applications is given as a means to illustrate the utility of these notions.
Concluding the text is a chapter containing a discussion anda section wherein possible
future work is presented.

In an effort to make the text mostly self-contained, concepts beyond basic discrete
mathematics are duly introduced with definitions and examples. These include, for
example, category theory and universal algebra, both of which are essential in this
description of logic. In other words, little prior knowledge about the subject is assumed.
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Chapter 1

Introduction

The concept of mathematical logic certainly has a long and lustrous history. From its
dawn primarily in ancient Greece to its development into a field of modern rigorous
study in the 1800’s, it has formed a foundation on which many great works of math-
ematics and computing science have been constructed [7]. Asa result of the attention
paid to the topic, there exists today not a single all-encompassing notion of logic but
a wide variety of logics for all imaginable purposes. The situation has been succinctly
summarized by Joseph Goguen and Rod Burstall who inIntroducing Institutions[16]
wrote the—in the field—well known quote:

There is a population explosion among the logical systems being used in
computer science. Examples include first order logic (with and without
equality), equational logic, Horn clause logic, second order logic, higher
order logic, infinitary logic, dynamic logic, process logic, temporal logic,
and modal logic; moreover, there is a tendency for each theorem prover to
have its own idiosyncratic logical system.

With all these possible logics, it is of interest to study therelationships that exists—or
does not exist—between logics. This thesis forms an attempt to, in an understand-
able but still rigorous manner, present a framework which allows the description of
many logics. This presentation is based on the extensive works of not only the afore-
mentioned Joseph Goguen and Rod Burstall but also José Meseguer and many other
skillful mathematicians and computing scientists.

The framework of logics mentioned above will be presented using the notions in-
troduced by so-called category theory and universal algebra. Briefly stated, category
theory is a field of mathematics which allow the study of mathematical structures and
transformations between them in a consistent and convenient manner. Similarly, uni-
versal algebra is the mathematical field in which one study abstract algebras and no-
tions common to them. These topics—and others covered in thistext—will be treated
in a fairly rigorous manner and as a result, may be thought of as an introduction to the
subject for those previously unfamiliar of it. To this end, the material is presented with
an emphasis placed on clarity and accessibility. By this is meant that the intent is to
make the text relatively self-contained and all required knowledge will be presented
in an incremental fashion. More specifically, no prior familiarity in the area of cate-
gory theory or universal algebra is assumed. Prior knowledge of the basic notions of
discrete mathematics and mathematical logic is, however, assumed. For some easily
forgotten details, brief descriptions have been included though. If needed, the required
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2 Chapter 1. Introduction

knowledge may be recalled in most texts providing an introduction to basic discrete
mathematics and algebra, see e.g. [21]. Concepts and notations outside the scope of
basic discrete mathematics will be thoroughly described through formal discussions
and both conceptual as well as concrete examples. Unfortunately this makes the thesis
very “definition heavy” but hopefully not more so than what the patient reader is able
to accept.

It should be pointed out that the examples given in the text will in general not be
very complex; this is an intentional decision. There are twoprimary reasons underlying
this decision: One reason is, as can be imagined, the problemof space and time. In
short, the addition of more complex examples would have meant the removal of other
content—finding the right balance between depth and breadth has been a considerable
challenge. The other reason behind choosing less complex examples is one of keeping
a general nature of the theories rather than specific probleminstances. There is always a
risk that adding complex examples will force the reader intoa quagmire of gritty details
which are not directly related to the point being made. For this reason, smaller—but
still non-trivial—examples which clearly show the mechanics of the notions presented
have been favored.

The overall structure of this document is such that

Chapter 2 covers the basic notions of category theory;

Chapter 3 presents universal algebra within the framework of category theory;

Chapter 4 is the main focus of the thesis and contains thorough descriptions of many
notions of logic from a categorical viewpoint;

Chapter 5 discusses, on a less rigorous level, a few possible applications of the con-
cepts introduced throughout the text; and

Chapter 6 contains a brief discussion of the topics covered as well as some conclu-
sions and future work.

Closing this introductory chapter is a brief coverage of a basic—but crucial—
mathematical notion which will be used extensively throughout this text. This notion
is the one offamilies of sets—also commonly referred to as acollections of setsor
indexed sets. The description here will by no means be a fully formal definition but
should give the reader an intuitive sense of what a family of sets is.

Definition 1 (Families of sets)Let A = (Ai)i∈I be a family of setsindexedby some,
potentially unbounded, setI . We will, as a convenient notation, assume the con-
vention thatA = {{a1,a2, . . .}1,{b1,b2, . . .}2, . . .} is the family of setsA such that
A1 = {a1,a2, . . .},A2 = {b1,b2, . . .}, . . ..

We extend the idea of a family of sets to afamily of functionsby stating that, ifA
andB are two families of sets indexed byI , then f : A // B is a family of functions
containing a functionfi : Ai // Bi for eachi ∈ I . Composition of two families of
I -indexed functionsf : A // B,g : B // C, is yet another family of functionsf ◦g :
A // C defined in terms of function composition such thatfi ◦gi : Ai // Ci for each
i ∈ I . We extend the notions of membership by stating thatx ∈ A if x ∈ Ai for some
i ∈ I . Other set theoretic operations extend in a similar, natural, fashion. For example,
the unionC of two I -indexed families of setsA,B is C = A∪B whereCi = Ai ∪Bi for
eachi ∈ I .
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Finally, as this is a computing scientific text the set of all natural numbers,N, will
be assumed to contain the number zero, that is,N = {0,1,2, . . .}.

This brief recollection of basic mathematical notions should be sufficient for most
to fully comprehend this text. Of course, quite a few new concepts—and their ac-
companying notation—will be introduced in the chapters to come. But, as previously
mentioned, this will be done in an incremental fashion and little difficulties should
therefore be posed for the diligent and interested reader.

A lot of ground will be covered in the chapters to come so without further ado; let
us take the plunge!
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Chapter 2

Category Theory

From its first embryonic developments by Eilenberg and Mac Lane in the first half of
the 1940’s—with their seminal articleGeneral theory of natural equivalencespublished
in 1945, see [9], being the major introduction—category theory has developed into a
field of mathematical study in its own right. Then, certain features of category theory
known as functors and natural transformations—described inSections 2.2 and 2.3,
respectively—were developed as a means to solve problems related to group theory and
topology1, in particular one was concerned about how transitions among mathematical
structures could be understood. Today, category-theoretic notions have been applied
in many different areas of mathematics and computing science and, as a result, a large
number of elegant results have been produced. It has even been a useful tool in the
study of the foundations of mathematics, more specifically it may be considered an
alternative to axiomatic set theory as the basis of our understanding of mathematics.
The work of Lawvere has been particularly prominent in this area [24, 2, 3].

Within the field of theoretical computing science, categorytheory is able to provide
real benefits. The case of term unification is a good example ofthis: First, the cor-
rectness proof of the traditional unification algorithm maybe greatly simplified when
approached from a categorical point of view. Second, the notion of what unification
can be broadened in an elegant manner from the simple term unification to also be
applicable on differential equations and type inference [14]. In his articleA Categor-
ical Manifesto[15], Goguen presents a good overview of the potential benefits—and
pitfalls—of applying category theory within the field of theoretical computing science.

The notions of category theory have not only been applied in the strictly theoretical
area of computing science, it has also proven itself quite useful in practical applications.
As an example of this, one might mention the elegant way in which the idea ofmonads
has allowed pure functional languages—such as Haskell—to encapsulate and separate
effect-full computations without compromising purity. See e.g. [32, 43].

While monads will not be discussed to any great degree in this text, we will in this
chapter present other basic categorical notions together with both concrete and more
abstract examples. This presentation will form a foundation for the chapters that follow.
However, since the presentation is kept at a general level, it may also be considered as
a brief introduction to basic category theory in general. The various definitions and
notations found here are adapted primarily from the well known books by Barr and
Wells [2]; Adámek, Herrlich, and Strecker [1]; as well as Mac Lane [28].

1Since this text will not consider these structures further,the interested reader is referred to e.g. [22, 8]
for more in depth information.
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6 Chapter 2. Category Theory

2.1 Categories

Informally a category provides a convenient, yet extremelyflexible, way to describe
mathematical structures and, in particular, how these structures relate to each other. To
make this statement more concrete, a number of examples willbe given, but to do so,
we first need the formal definition of a category.

Definition 2 (Categories) A categoryC consists of

– a collection ofC-objects, represented by the set Ob(C), and

– for each pair ofC-objectsA, B, a collection ofC-morphismsfrom A to B, rep-
resented by the set HomC(A,B) or simply Hom(A,B) if the intended category is
either obvious from context or irrelevant to the argument.

For simplicity, whenever context allows,C-objects andC-morphisms will be called just
objectsandmorphisms, respectively.

A morphism f ∈ Hom(A,B) will typically be denotedA
f // B or f : A // B.

Additionally, A is said to be thedomainof f and similarly,B is said to be itscodomain.

Finally, to complete the definition, ifA
f // B, B

g // C, andC
h // D are arbitrary

morphisms inC then

(i) there is a composition operation,◦, andA
g◦ f // C is a morphism inC;

(ii) composition is associative, that is,

h◦ (g◦ f ) = (h◦g) ◦ f ; and

(iii) there existsidentity morphismsidA ∈ Hom(A,A) and idB ∈ Hom(B,B) such that

f ◦ idA = f and idB ◦ f = f .
2

Remark 1 From the definition it may appear as if morphisms are the same as functions
and while they in particular cases—like in the example that follows—can be equiva-
lent, this is not true in general. Far from it in fact; many of the morphisms which will be
presented in this thesis are not functions. This connectionwith functions is an under-
lying reason behind the notation used for morphism composition. Since this notation
may appear counter intuitive some authors prefer to writef ;g overg◦ f . 2

Remark 2 In general, instead of writingA
f // B, B

g // C, andC
h // D, we may

simplify somewhat and just writeA
f // B

g // C
h // D. 2

Remark 3 Note that in other texts the concept of amorphismmay instead be referred
to as anarrow. Also, the identity morphism is in some sources denoted by the digit 1,
that is, for some objectA, idA = 1A. Although this notation will not be used here it is
so wide spread that it is well worth remembering. 2

Using the definition of a category, it is beneficial to make theconcept more concrete
using a few examples. These are only a very small number of allpossible categories
though, see e.g. [28, 1] for more examples of common categories.
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Example 1 (The category of sets)In the literature, the archetypal first example of a
category is the one describing the category of sets—a tradition this thesis obviously
would be loath to break—and this is no coincidence. The definition is as simple as it is
useful:

The category of sets, denotedSet, is defined such that its objects are sets and its
morphisms are the functions between them. By using the regular notion of function
composition and the identity function, the category conditions are fulfilled. 2

Example 2 (The category of families of sets)In Definition 1, we gave a brief descrip-
tion of families of sets, or indexed sets. Similar to sets, these may also be extended to
a category, sayFSet which has families of sets as objects and families of functions
as morphisms. Composition of morphisms is as previously described and the identity
morphisms are trivial to construct. 2

As the previous category demonstrated, the objects of a category do not necessarily
have to be sets, they can be any mathematical structure, evenother categories as will
be shown later. The following example demonstrate another category which does not
have sets as objects.

Example 3 (Viewing a partially ordered set as a category)A partially ordered set,
commonly called aposet, is a pair(S,⊑), whereSis a set and⊑ is some binary relation
overSwhich is

(i) reflexive, that is,a⊑ a;

(ii) transitive, that is, ifa⊑ b andb⊑ c, thena⊑ c; and

(iii) antisymmetric, that is, ifa⊑ b andb⊑ a, thena = b

for eacha,b,c∈ S.
This structure may be represented in a categoryPos by letting Ob(Pos) = S and

for eacha ⊑ b have a morphisma
(a,b) // b in Pos. It is clear that this construction

does indeed yield a category. The identity morphism is givenby the reflexivity and the
morphism composition is given by the transitivity property. Finally, it is easy to see
that the composition is associative.

For a concrete example of this category, let us call itPos′, consider the very simple
poset withS= {1,2,4,8} and the regular≤ relation over the natural numbers. Then

Pos′ will consist of the objects 1, 2, 4, and 8 as well as the morphisms 1
(1,1) // 1,

1
(1,2) // 2, 1

(1,4) // 4, 1
(1,8) // 8, 2

(2,2) // 2, 2
(2,4) // 4, 2

(2,8) // 8, 4
(4,4) // 4,

4
(4,8) // 8, and 8

(8,8) // 8. Obviously, this is far from a convenient and manageable
representation of the category. In an attempt to make the structure clearer,Pos′ can be
represented in the following, more pleasant graphical form.

1 2
(1,2) //1 4

(1,4)

��
1 8

(1,8)

��
2 4

(2,4) //2 8

(2,8)

��
4 8

(4,8) //1

(1,1)

DD 2

(2,2)

DD 4

(4,4)

DD 8

(8,8)

DD
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This figure may appear very much like a regular graph and, as will be shown in Sec-
tion 2.1.1, this is no coincidence. 2

It is possible to “lift” the previous example in the sense that while a poset may be
represented as a category, it is also possible to represent the entire universe of posets in
a category.

Example 4 (The category of partially ordered sets)Let Poset be the category of
partially ordered sets. This category is constructed by letting its objects be all partially
ordered sets and its morphisms contain the order-preserving (or monotonic) functions
between them. For two posets,(S,α) and (T,β), an order preserving function, say
f : S // T is such that fora,b∈ S, if a α b, then f (a) β f (b).

The regular identity function is clearly order-preservingand applying regular func-
tion composition to order-preserving functions yield an order-preserving function. We
may therefore conclude thatPoset indeed is a well-defined category. 2

We will need a further notion when dealing with categories, namely the notion of
opposite categories. Informally, this is is what one gets when taking a category and
reversing all its morphisms.

Definition 3 (The dual of a category) Theopposite(or dual) category of a category
C, denotedCop, is defined such that Ob(Cop) = Ob(C) and HomC(A,B) = HomCop(B,A),

that is, for eachC-morphismA
f // B, there is aCop-morphismB

f // A.
As previously mentioned, this simply means that the original morphisms are re-

versed. When reversed, the identity morphisms inC will obviously yield the corre-
sponding identity morphisms inCop. Morphism composition inCop, sometimes denoted
◦op is such thatg◦ f = f ◦op g. 2

Example 5 In Example 3, it was shown that a category could represent a poset. The
concrete example was the poset({1,2,4,8},≤) which was represented byPos′. The
natural question that arises is of course; what isPos′

op?
To illustrate the result we may simply copy the illustrationshown in that example

and reverse the morphisms. This yields the figure

1 2oo (1,2)
1 4

��

(1,4)

1 8
��

(1,8)

2 4oo (2,4)
2 8

��

(2,8)

4 8oo (4,8)
1

(1,1)

ZZ 2

(2,2)

ZZ 4

(4,4)

ZZ 8

(8,8)

ZZ

where it is easy to see that all morphisms go from a higher value to a lesser or equal one
as opposed to greater or equal one which was the case in the original category. That
is—disregarding the discrepancy in morphism labeling—Pos′

op represents the poset
({1,2,4,8},≥). 2

Finally, it is possible to consider only a small section of a category. Informally, such
a section is itself a category which consists ofsomeobjects from the full category and
have as morphismssomeof the morphisms that links these objects in the full category.
The following definition formalize this idea:
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Definition 4 (Subcategories)A subcategoryto a categoryC is a category,C′, such that
Ob(C′) ⊆ Ob(C) and HomC′(A,B) ⊆ HomC(A,B) for eachA,B∈ Ob(C′). Additionally,
we say that a subcategory isfull if for all objects A,B ∈ Ob(C′), it is the case that
HomC′(A,B) = HomC(A,B). 2

There are numerous other definitions and examples that may bepresented and the
ones given above only give a flavor of the breadth of mathematical structures that may
be represented within this theoretical setting.

2.1.1 Diagrams

As was already hinted at in Example 3, it is possible to illustrate the structure of a
category in the form of a graph. In this section this notion ofrepresenting a category in
a graph will be formalized into a special type of graph which shall be called a diagram.
The notion of commutativity—which is central to how diagramsand category theory
relate—will also be defined.

Definition 5 (Diagrams) Given a categoryC, let D be the directed graph such that

(i) for each vertexv in D there is an objectDv in C and

(ii) for each edgeewith sourcev and targetv′ in D there is a morphismDv
De // Dv′

in C,

thenD will be referred to as thediagramof C. 2

This type of visualization is quite helpful and will be used anumber of times from
here on. To reduce clutter, the edges representing the identity morphisms will typically
not be shown. It should should be remembered, however, that there always will be one
for each object, it would not be a category if it were otherwise.

Of course, categories can grow quite large and are as can be imagined often un-
bounded in size—Set is an obvious example of this—and normally it is therefore the
case that only a small section of the full diagram is shown. This is allowed by Defini-
tion 5 as it makes no requirement that all objects and morphisms of a category must be
represented in the diagram.

So far, the definitions have only been used to produce representations of mathemat-
ical structures. It is now possible, using diagrams, to alsointroduce certain reasoning
in a natural way. The notion of equations in the categorical setting is often illustrated
with the help of diagrams. Consider, for example, the diagram

B C
h

//

A

B

g

��

A

C

f

��?
?

?
?

?
?

?
?

?
?

?

,

it can be seen that there are two possible paths fromA to C, one beingA
f // C and

the other being the composition ofA
g // B andB

h // C, that is,A
h◦g // C. Since f

andh◦g have the same domain and codomain, it is possible to formulate the equation
f = h ◦ g. This idea of letting diagrams represent equations is made formal by the
definition that follows.
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Definition 6 (Commutative diagrams) Let D be a diagram representing a category
C. Additionally, let( f1, f2, . . . , fn) and(g1,g2, . . . ,gm) describe two paths inD between
the nodesv andv′ as the diagram

v

w1
g1 ))RRRRRRRR

u1

v

55f1

lllllllll
u1

w1

u1 u2
f2 //

w1 w2g2
//

u2 un−1··· //

w2 wm−1··· //

v′

wm−1

55
gmlllllll

un−1

v′
fn

))RRRRRRR
un−1

wm−1

illustrates. ThenD is said to becommutativeif the corresponding compositions inC
are equivalent, that is, if the equality

D fn ◦ . . . ◦D f2 ◦D f1 = Dgm
◦ . . . ◦Dg2

◦Dg1

holds. 2

As seen, diagrams can provide a good way to illustrate categories and equations
in a categorical setting but not only that, they also give an easier way to reason about
morphism composition. This is the case since a diagram is commutable if all its subdi-
agrams are likewise commutative [36]. As an example, suppose both the inner squares
of the diagram

A′ C′

g′◦ f ′
//

A

A′

a

��

A C
g◦ f //

C

C′

c

��
B′f ′ //

B
f

// B

B′

b

��
B′ g′ //

B

B′

B g
//

commute, that is,c◦g = b◦g′ andb◦ f = f ′ ◦a. Then it is possible to directly draw the
conclusion that also the outer square commutes and thereforec◦g◦ f = g′ ◦ f ′ ◦a.

2.1.2 Morphisms

As we have seen, morphisms may be constructed in many different ways and it is often
the case that the morphisms of one category have little in common with morphisms in
another category. It is, however, possible to describe somegeneral properties which
are common to a wide variety of morphisms. These properties are in certain cases
interesting enough that morphisms which have them are referred to by specific names.

In this section, a few morphisms like these are described. Beginning with the im-
portantisomorphismwhich may be recalled from the definition of regular functions.

Definition 7 (Properties of morphisms) A morphismA
f // B is

(i) an isomorphismif there exists a morphismB
g // A such thatg◦ f = idA and

f ◦g = idB, we say thatA andB areisomorphicand thatg is theinverseof f ;

(ii) an endomorphismif A = B, that is, the morphism domain and codomain are
identical;

(iii) an automorphismif it both an endomorphism and isomorphism;



2.2. Functors 11

(iv) a monomorphismif for any two morphismsC
g //

h
// A, it is the case that iff ◦g=

f ◦h, theng = h.

(v) anepimorphismif for any two morphismsB
g //

h
// C, it is the case that ifg◦ f =

h◦ f , theng = h. 2

Example 6 In Set, the isomorphism are precisely the bijective functions while its
mono- and epimorphisms are the surjective and injective functions, respectively. 2

2.2 Functors

Just describing categories is of limited interest, the great power of category theory
comes from the ability to describe transitions from one category to another. This type
of transition is performed using constructions known asfunctors.

As an introductory example, we might considerPoset, the previously defined cat-
egory of posets. Since a poset is a “set with structure”, it isconceivable that a functor
could be constructed which removes the structure from the posets and simply leaves
us with the categorySet. As Example 7 will show, the construction of this functor is
quite simple. But, first it is necessary to formally define what a functor is.

Definition 8 (Functors) A functor—or more specifically acovariant functor—F from

a categoryC to a categoryD, written F : C // D or C F // D, is a collection of the
functions

– FOb : Ob(C) // Ob(D) and

– for each pairA,B∈ Ob(C) the function

FA,B : HomC(A,B) // HomD(FOb(A),FOb(B))

such that the following conditions hold:

(i) if A
f // B is in C, thenF(A

f // B) is in D and

F(A
f // B) = FOb(A)

FA,B( f )
// FOb(B), (2.1)

(ii) if A∈ Ob(C), then

FA,A(idA) = idFOb(A)

(iii) if, for A
f // B and B

g // C, the morphism compositiong ◦ f is in C then
FB,C(g) ◦FA,B( f ) is in D. 2
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Typically, and in the rest of this text, the subscript is omitted, that is,F is used as
notation for bothFOb andFA,B. Additionally the parenthesis are often disregarded—
especially when the functor name consist of a single symbol.As a demonstration, these
simplifications allow the right-hand side of Eq. (2.1) to be written

FA
F f // FB.

Now it is possible to properly construct the previously mentioned forgetful func-
tor—named as such due to its forgetful nature where the output category contains less
structural information that the input category—which takesPoset to Set. It should be
mentioned that it is possible to construct this type of functor—one whose output cat-
egory contains “less structure” than its input category—formany different categories
andPoset is simply the example chosen for this text.

Example 7 (The forgetful functor taking Poset to Set) Let F : Poset // Set be
the forgetful function which shall be constructed. For eachobject(S,⊑)∈ Ob(Poset),

FOb(S,⊑) = S

and, for each morphismf ∈ HomPoset(A,B)

FA,B f (x) = f (x)

for eachx ∈ A. In other words, for each object inPoset, theF functor discards the
order relation, leaving only the underlying set. 2

In the following chapters, the so-calledpowerset functorwill be particularly im-
portant. Just to recall, the powerset of some setX is the set{x | x⊆ X}, that is, the set
of all subsets ofX. This construction can be transferred to the world of functors as the
following definition will show.

Example 8 (Powerset functor) The powerset functorP is a functorP : Set // Set
defined such that for each setA∈ Ob(Set), we have

P A = {x | x⊆ A},

and for each morphismf ∈ Hom(A,B), A,B∈ Ob(Set), andX ∈ P A, we have

P f (X) = { f (x) ∈ B | x∈ X}.

It might be of interest to remark that although this is the definition of the powerset
functor which will be used in this text, there are other possible ways to construct a
functor which may reasonably be called a powerset functor. They differ primarily in
how the morphisms are handled [2]. 2

We may easily show two important results for functors; they are composable and
this composition is associative. These two results are expressed in the following pair
of propositions.

Proposition 1 If F : C // D and G: D // E are functors then the composition G◦F :
C // E, often denoted by GF, is a functor

(G◦F)(A
f // B) = G(FA)

G(F f ) // G(FB).

2
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PROOF The result follow directly from the fact that functor composition is performed
component-wise and as each component is a function, the normal function composition
applies. That is,

(G◦F)(A
f // B) = G(F(A

f // B))

= G(FA
F f // FB)

= G(FA)
G(F f ) // G(FB)

which establishes that the proposition is true. �

Proposition 2 Functor composition as given in Proposition 1 is associative. 2

PROOF Let X
f //Y be a morphism inA and letA F // B, C

G // D as well asD H // E
be functors. We wish to show that

(H ◦ (G◦F))(X
f // Y) = ((H ◦G) ◦F)(X

f // Y).

Again using the fact that functor composition is performed component-wise and each
component is a function, the result follows directly from the associativity of function
composition. That is,

(H ◦ (G◦F))(X
f // Y) = (H ◦ (G◦F))X

(H◦(G◦F)) f // (H ◦ (G◦F))Y

= ((H ◦G) ◦F)X
((H◦G)◦F) f // ((H ◦G) ◦F)Y

= ((H ◦G) ◦F)(X
f // Y)

and we have by this shown that the proposition holds. �

Note that in Proposition 1 and 2, we have used the notational simplification of
functors—that is, bothFOb and FA,B are writtenF—as the claims would otherwise
become rather unreadable, in particular the derivations inthe proofs. The diligent
reader may find it an interesting exercise to redo the derivations with subscripts in
place.

The definition of functors combined with above results regarding functor compo-
sition allow us to create thecategory of categories, Cat, in which the objects are all
categories2 and the morphisms are the functors between them. The identity functor—
defined in short by

idC(A
f // B) = A

f // B

for each categoryCwhereA,B∈Ob(C) and f ∈HomC(A,B)—act as identity morphism
in Cat.

In Definition 8 it was said that a functor technically is called a covariant functor.
In the following definition, the dual of covariant functor ispresented; thecontravariant
functor. The contravariant functor is less commonly used so when it is referred to, the
full name is always given as opposed to the “regular”, covariant, functor which often
misplace its first name.

2Strictly speaking, the categories ofCat, andCat itself, aresmall categories. Only small categories are
considered in this thesis so the distinction between small and large will be mysteriously glossed over.
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Definition 9 (Contravariant functors) A contravariant functorF : C // D is defined
in much the same way as its covariant namesake with the exception that for each mor-
phism f : A // B in C, the morphism

F(A
f // B) = FB

F f // FA

is inD. That is, the morphism is reversed. This reversion may be equivalently expressed
using the covariant functorG : Cop // D or G : C // Dop. Similarly, given a covariant
functorH : C // D, Hop denotes the corresponding contravariant functor. That is,F ,
G andHop may represent the same contravariant functor! To avoid confusion, only the
latter two notations will be used in this text. 2

As a concrete example, one might consider the contravariantversion of the pow-
erset functor or as was mentioned in Definition 9, the following equivalent covariant
functor.

Example 9 Let Q : Set // Setop be a functor such that for each combination of sets

A,B∈ Ob(Set), morphismA
f // B andY ∈ P B. We then have

QA= P A, QB= P B, andQ f(Y) = {x∈ A | f (x) ∈Y}.

In other words,Q f when applied to the setY yields the union of each preimage of
elements inY. 2

2.3 Natural Transformations

The final major area of basic category theory which shall be presented is the notion of
natural transformations. These are to functors as functors are to categories. By thisis
meant that a natural transformation takes a functor as inputand yield another functor
as output and as we shall see, it is possible to construct a category of functors in which
natural transformations constitute the morphisms.

As an aside, for those curious about the monads mentioned in the chapter introduc-
tion, very informally they may be explained as a triple containing one functor and two
natural transformations such that a few conditions are upheld. While not used in this
text, it is—since they have shown themselves so valuable in various applications—well
worth knowing that they arose from the field of category theory.

Definition 10 (Natural transformations) For two functorsC
F //

G
// D, a natural trans-

formation τ from F to G, denoted by the now familiarτ : F // G or F
τ // G, is a

family of D-morphismsτ = (τA)A∈Ob(C) whereτA : FA // GA and the diagram

A

B

f

��
FB GBτB

//

FA

FB

F f

��

FA GA
τA // GA

GB

G f

��

commutes. That is,G f ◦τA = τB◦F f for eachC-morphismA
f // B with A,B∈Ob(C).

This is known as thenaturality condition onτ [2]. 2
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Remark 4 We may for any functorF construct itsidentity natural transformation,

F
idF // F , defined to be(idF)A = idFA. 2

Example 10 Consider the powerset functor,Set P // Set, as given in Example 8. Is

there a reasonable way to construct a natural transformation idSet
η // P ? That is, we

wish to find anη such that we, for eachA ∈ Ob(Set), haveA
ηA // P A. Let us try

with ηA(x) = {x} for eachx∈ A. It remains to show that this definition really makeη
fulfill the naturality condition, that is, does

A

B

f

��
B P BηB

//

A

B

f

��

A P A
ηA // P A

P B

P f

��

commute? A simple derivation shows that it does; letx∈ A, then

(P f ◦ηA)(x) = P f (ηA(x)) = P f ({x}) = { f (x)} = ηB( f (x)) = (ηB ◦ f )(x).

2

Example 11 In a manner similar to the previous example, we may easily construct

a natural transformationP P
µ // P by letting µA(X) =

S

x∈X x for eachX ∈ P P A.
Showing thatµ is a natural transformation is again very similar to the previous example.

As the examples show, natural transformations are conceptually not very difficult
even though it may seem so looking at Definition 10. Composition is not difficult
either, since a natural transformation is a family of morphisms it is not surprising that
composition of natural transformations is performed component-wise. This type of
composition goes by the name ofvertical composition. As this name suggests—and as
will be seen shortly—there is also a horizontal form of composition.

Definition 11 (Vertical composition) For the natural transformationsF
τ // G and

G
τ′ // H there is a compositionτ′ ◦ τ such thatF

τ′◦τ // H. Known asvertical com-
position, it is defined

(τ′ ◦ τ)A = τ′A ◦ τA.

In the literature,τ′τ is a common alternative to theτ′ ◦ τ notation. 2

As a natural transformation is a family of morphisms, associativity of vertical com-
position is immediate. Before tackling horizontal composition, we first need to con-
sider how functors and natural transformations may be combined. The following defi-
nition establishes how these combinations are constructed.

Definition 12 For the functorsC
G //

G′
// D, E F // C, andD F ′

// E as well as the natural

transformationG
τ // G′ it is the case that
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– GF
τF // G′F is defined to be(τF)A = τFA;

– F ′G
F ′τ // F ′G is defined to be(F ′τ)A = F ′τA; and

bothτF andF ′τ are natural transformations. 2

Definition 13 (Horizontal composition) For two natural transformationsF
τ // G

andF ′ τ′ // G′ there is ahorizontal composition(or star composition) τ′ ⋆ τ such that

F ′F
τ′⋆τ // G′G. The horizontal composition can be defined using the commutativity

of the diagram

F ′FX G′GX

G′FX

F ′FX

55τ′FX

kkkkkkkkkkk
G′FX

G′GX

G′τX

))SSSSSSSSSSS

F ′FX

F ′GX
F ′τX ))SSSSSSSSSSS

F ′FX G′GX
τ′⋆τ //______________ G′GX

F ′GX

55

τ′GXkkkkkkkkkkk
.

That is, the horizontal composition is defined as

τ′ ⋆ τ = τ′G◦F ′τ = G′τ ◦ τ′F. (2.2)

2

Remark 5 It is easy to show that the combination of functors and natural transforma-
tions as shown in Definition 12 may be represented as horizontal combination using
identity natural transformations. LetF be a functor andτ a natural transformation.
ThenFτ = idF ⋆τ andτF = τ ⋆ idF . 2

Using these notions of natural transformations it is now a simple matter of con-
cluding that it is possible to create a category with functors as objects and natural
transformations as morphisms.

Definition 14 (The category of functors) LetC andD be categories, then we can form
a categoryFun(C,D) with functors fromC to D as objects and the natural transforma-
tions between them as morphisms. The associativity condition is upheld as per the
earlier remark. The identity morphisms are precisely the identity natural transforma-
tions. 2

This concludes our introduction to category theory, we haveconsidered categories
themselves and the functors which operate on them and lastlythe natural transforma-
tions which operate on functors. Although only a minute partof the field of category
theory has been presented, these concepts together form thefoundations of the category
theory needed for the understanding of this thesis. We have,in fact, covered a little bit
more than what is strictly needed.

As we have seen, a category is a very general concept and as a result, it is perhaps
not immediately obvious why it relevant to the topic of this thesis or even why it is
relevant at all. The following chapters will hopefully provide some clarification as to
why this categorical approach is a sound one and furthermoreshow that it allows an
elegant and natural way of explaining the rather intricate concepts involved.



Chapter 3

Universal Algebra

Being able to accurately apply a specific reasoning in a greatnumber of situations is
an important research goal in many areas of mathematics and computing science. By
having the ability to prove that a certain line of thought is true for all cases—even
previously unknown ones—allows much work to be avoided and subsequently efforts
can be placed in areas where they are more needed. A well knowntheorem in the
area of computability theory may be taken as an example, namely Rice’s theorem [38].
This theorem in essence states that the problem of deciding whether or not a program
has some non-trivial property is undecidable in the generalcase—a property, such as
whether a program will compute a specific function, is trivial if either all programs
have the property or no program has it. This is a very strong and useful claim since it
applies to all programs and all non-trivial properties. In this chapter we will examine
how to create a situation where it is possible to do similar broad reasoning concerning
abstract algebra and logic.

Briefly stated, abstract algebra is the mathematical field studying algebraic struc-
tures such as the previously mentioned groups but also vector spaces for example—
linear algebra may subsequently be considered a branch of abstract algebra. Hence-
forth, for simplicity and in line with most of the current literature, abstract algebra will
often be referred to simply byalgebra. Care should therefore be taken to not confuse
algebra in the meaning of abstract algebra and algebra in themeaning of elementary
algebra which concerns manipulation of numeric formulas containing unknown values.

The particular field of abstract algebra which goes under thenameuniversal algebra
is the topic of this chapter. Universal algebra allows us to describe and reason about the
syntax and semantics of algebraic expressions in a general manner. The advantage of
being able to describe these expressions is that it allows usto construct new “languages
of mathematics” which may be used in a uniform manner, that iswe are not required to
invent a new formalism each time we create a new algebra. As will become apparent,
this is very useful when one, for example, wish to define a new algebra in terms of an
already existing algebra.

We will in this chapter briefly look at both the syntactic aspects and the semantic
aspects of universal algebra. While the former refer to the appearance of the algebraic
expressions we wish to use—in essence, how to write them down on paper—the latter
is about the meaning we place into this appearance. As a result of separating these two
notions it is, as we shall see, easily possible to place drastically different meaning into
the expressions we write. Both the syntactic and the semantic notions are certainly of
great importance when constructing an algebra and the way inwhich we describe them

17
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will therefore be investigated in some detail.
The type of universal algebra considered in this section is of a many-sortedvariant

which in short means that operations in the algebra limit themselves to certainsorts. As
a familiar example, integer addition may be considered: Theinteger addition operation
is defined such that it takes two integers as input and give a third integer as output. It
would therefore not make sense to, for example, provide an integer and a boolean value
as input to this operation. As will be seen, these notions will emerge quite naturally
within the framework of many-sorted algebras described in this section.

The seasoned reader may notice that the notions presented here make no use of
algebraic theories[29]. Instead, the content in this chapter is primarily based upon
the more straightforward notions found in [27, 4, 17] but adapted to the categorical
vocabulary where applicable.

3.1 Signatures

In order to write down algebraic expressions we need some rules as to what constitute
a “valid” expression within this algebra. This is analogousto the familiar situation of
programming languages in which there is a—more or less—formally defined syntax.
This syntax determine which strings are valid instances of programs in that language.
In the case of algebras the formal syntax is described using asimple mathematical
structure known as asignaturewhich will be defined presently and is followed by a
number of examples.

Definition 15 (Signatures) A signature,Σ, is a pairΣ = (S,Ω) where

– S is a set ofsorts(or types), and

– Ω is a set ofoperationswhere ann-ary operation havingoperation nameω is an
(n+2)-tuple(ω,s1, . . . ,sn,s) with n∈ N ands,s1, . . . ,sn ∈ S. Rather than using
the—in this context—clumsy tuple notation we shall denote theoperation by the
more clear

ω : s1× . . .×sn // s

instead, or even justω if the context allows.

We say that a signature isstrongly typedif for any two identically named operations
in a signature, sayω : s1× . . .×sn // sandω : s′1× . . .×s′k

// s′, it is the case that
if n = k then there exists at least onei such thatsi 6= s′i . All signatures used in this text
are assumed to be strongly typed. 2

Remark 6 In the following chapters, the notion of a signature will be generalized
somewhat and this type of signature will be referred to as anequational signature.
However, throughout this chapter only equational signatures will be considered and
they will therefore, in the name of simplicity, here be referred to simply as signatures.2

Remark 7 Please note that, at this point, there is no semantic meaningput into the

ω : s1× . . .×sn // s

notation, that is, while it may appear so, it does not constitute a function definition
or anything similar; it is merely a syntactic object. The case of a 0-ary (ornullary)
operationω : // s is therefore perfectly valid and, as we will see later, represents a
single element of sorts. In other words; aconstant. 2
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Often, we wish to refer to the operation names of a signature and as a convenient
notation for this we introduce the convention that Op(Σ) stands for the set of operation
names of a signatureΣ = (S,Ω). More formally we may state that

Op(Σ) = {proj1(ω) | ω ∈ Ω}

where proj1 projects the first component of an operation, that is, the operation name.
Another convenient notation is to, given an operation

ω : s×s× . . .×s
︸ ︷︷ ︸

n times

// s′

write ω : sn // s′.
Using Definition 15, it is possible to easily construct useful signatures as illustrated

by the following examples. First, we create the signature ofnatural numbers.

Example 12 (Signature of natural numbers) One of the least complicated but still
extremely fundamental signature is the one describing the natural numbers. This sig-
nature, denotedΣNAT = (SNAT ,ΩNAT), is constructed by letting

SNAT = {nat},

ΩNAT = {0 : // nat,

Succ: nat // nat}.

Please note that 0 is a nullary symbol—a constant—and as such itdoes therefore not
accept any argument. The set of operation names is in this case Op(ΣNAT) = {0,Succ}.

2

In a similar fashion, it is easy to create the signature of booleans:

Example 13 (Signature of booleans)The signature of booleans, which will be de-
notedΣBOOL = (SBOOL,ΩBOOL), is familiar to many and a simple definition may be
such that

SBOOL = {bool},

ΩBOOL = {True: // bool

False: // bool

¬ : bool // bool

∧ : bool×bool // bool}.

2

We may combine two signatures by simply performing a component-wise union.
We may also add further sorts and operations by simply addingthem using another
union operation. The following example defines a signature which demonstrates this.
Note that this signature in particular will be used extensively in examples throughout
this text.

Example 14 (TheNATBOOL signature) This signature is constructed by combining
the above signaturesΣNAT andΣBOOL and adding the binary operator≤ which makes
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use of the fact that bothbool andnat is available in this new signature. Finally, the bi-
nary operations+ and∗ are added together with all non-zero natural number constants.

SNATBOOL = SNAT ∪SBOOL,

ΩNATBOOL = { ≤: nat×nat // bool
+ : nat×nat // nat
∗ : nat×nat // nat
1 : // nat
2 : // nat
...

}∪ΩNAT ∪ΩBOOL.

2

A signature may be viewed as the definition of an abstract datatype—where, as
we shall see, an algebra will act as the implementation of thedata type. The previous
examples act as illustrations of this but the following example will highlight it in a
more concrete manner. In this example, we extend theΣNATBOOL signature in such a
way that also lists of natural numbers may be expressed.

Example 15 (List of natural numbers) Let ΣNATLIST = (SNATLIST ,ΩNATLIST) be the
aforementioned signature for the list of natural numbers. Then one possible definition
of this abstract data type may be

SNATLIST = {natlist}∪SNATBOOL,

ΩNATLIST = {Nil : // natlist

Head: natlist // nat

Tail : natlist // natlist

Cons: nat×natlist // natlist

Empty: natlist // bool}∪ΩNATBOOL.

2

A very useful—it is, in fact, quite essential—extension to thenotion of signatures as
given in Definition 15 is the addition ofvariables. These allow algebraic expressions
to be extensively generalized. They also allow the introduction of unification which
traditionally has been of supreme importance within computing science.1

Definition 16 (Signature with variables) Let Σ = (S,Ω) be a signature, then there
exists an associated family of infinite setsχ = (χs)s∈S where eachx ∈ χs is called a
variable of sortsand anX ⊆ χ is said to be afamily of variablesfor the signatureΣ.

We restrict the construction ofX by requiring that

(i) it is pairwise disjoint so as to avoid the situation wherea variable may be given
multiple sorts; and

(ii) no variable conflicts with any operation symbol, that is,

Op(Σ)∩
[

s∈S

χs = ∅.
2

1This text will only peripherally touch the subject of unification. For a categorical treatment of the area
please see e.g. [14, 39].
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Remark 8 Sinceχ in the unsorted case is a set and by extension so isX ⊆ χ, it has tra-
ditionally been the case thatX has been called aset of variableseven when associated
with a many-sorted signature. While—stemming from the restriction thatX is pairwise
disjoint—there is some rationality to the “set of variables”phrase even in the many-
sorted case, this tradition will be forgone in this thesis for the purpose of stressing the
point that we are working with many-sorted signatures. 2

Remark 9 From now on, it is assumed that all signatures are extended toinclude vari-
ables as they are presented in the previous definition. 2

Just building signatures is not very fruitful. It is of interest to describe transitions
from one signature to another and examining the properties of these transitions. Even-
tually, this will allow the construction of a category of signatures which will prove to
be quite useful later on. This quest will begin by defining thenotion of a signature
morphism, which in short takes a given signature and produces another one with the
operation arities intact.

Definition 17 (Signature morphisms) If Σ = (S,Ω) andΣ′ = (S′,Ω′) are signatures,

then a signature morphismµ : Σ // Σ′, or Σ
µ // Σ′ is a pair of functions

µ= (µS : S // S′,

µΩ : Ω // Ω′)

such that for eachω : s1× . . .×sn // s∈ Ω,

µΩ(ω : s1× . . .×sn // s) = ω′ : µS(s1)× . . .×µS(sn) // µS(s)

for someω′ : µS(s1)× . . .×µS(sn) // µS(s) ∈ Ω′.
Additionally, if X is a family of variables associated toΣ and X′ is a family of

variables similarly associated toΣ′, then we associate to the signature morphism an
additional family of injective functionsµX : X // X′. These functions are required
to be injective in order to guarantee that a uniqueΣ-variable is taken to a uniqueΣ′-
variable.

For simplicity, each ofµS, µΩ, andµX will be denotedµ where context allows and
the risk of confusion is minimal. 2

Example 16 One of the most trivial but still useful signature morphismspossible is—
as is often the case—the identity signature morphism, that is, idΣ : Σ // Σ which is
trivially constructed by letting

idS(s) = s, and

idΩ(ω) = ω

for eachs∈ Sandω ∈ Op(Σ). 2

Another simple type of signature morphism is an inclusion signature morphism,
sayι : Σ // Σ′ taking a signatureΣ = (S,Ω) to the “larger” signatureΣ′ = (S′,Ω′).
Larger here simply means thatS⊆ S′ andΩ ⊆ Ω′. It is then the case thatιS andιΩ are
defined much likeidS andidΩ above—the only difference being their codomain.

A slightly more complex situation is when the signature morphism is required to
performrenamingas in the following example.
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Example 17 Let ΣNATBOOL be as given in Example 14 and letΣNAT′ = (SNAT′ ,ΩNAT′)
be such that

SNAT′ = {natural}

ΩNAT′ = {Zero: // natural

Succ: natural // natural

Add : natural×natural // natural}.

We may then construct a signature morphismµ : ΣNAT′ // ΣNATBOOL by letting

µS(natural) = nat,

µΩ(Zero) = 0,

µΩ(Succ) = Succ, and

µΩ(Add) = +.

Here, the condensed form of writing operations have been used. Writing, for example,
the final application ofµΩ in full gives

µΩ(Add : natural×natural // natural)

= + : µS(natural)×µS(natural) // µS(natural)

= + : nat×nat // nat

which clearly shows thatµΩ(Add: natural×natural // natural)∈ΩNATBOOL. Note
that neitherµS or µΩ are surjective in this case and that this is no requirement which
has been placed on signature morphisms. 2

Definition 18 (Composition of signature morphisms)For two signature morphisms
µ : Σ1 // Σ2 andν : Σ2 // Σ3, the composed morphismν ◦µ : Σ1 // Σ3 is defined
such that

(ν ◦µ)(s) = ν(µ(s)) and

(ν ◦µ)(ω : s1× . . .×sn // s) = ω′′ : (ν ◦µ)(s1)× . . .× (ν ◦µ)(sn) // (ν ◦µ)(s)

for eachs∈ SΣ1 andω ∈ ΩΣ1 and whereω′′ is such thatν(µ(ω)) = ω′′. In other words,
composition is simply performed component-wise. 2

The fact that composition of signature morphisms is defined in terms of regular
functions leads to the following proposition in a natural way.

Proposition 3 (Composition of signature morphisms is associative) Given the sig-
nature morphisms µ: Σ1 // Σ2, ν : Σ2 // Σ3, and ξ : Σ3 // Σ4, it is the case
that

ξ ◦ (ν ◦µ) = (ξ ◦ν) ◦µ,

that is, composition of signature morphisms is associative. 2

PROOF Let ω : s1× . . .× sn // s be an arbitrary operation inΣ1. Then using asso-
ciativity of regular function composition and Definition 17it is trivially the case that

(ξ ◦ (ν ◦µ))(ω : s1× . . .×sn // s)

= (ξ ◦ (ν ◦µ))(ω) : (ξ ◦ (ν ◦µ))(s1)× . . .× (ξ ◦ (ν ◦µ))(sn) // (ξ ◦ (ν ◦µ))(s)

= ((ξ ◦ν) ◦µ)(ω) : ((ξ ◦ν) ◦µ)(s1)× . . .× ((ξ ◦ν) ◦µ)(sn) // ((ξ ◦ν) ◦µ)(s)

= ((ξ ◦ν) ◦µ)(ω : s1× . . .×sn // s). �
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We are now, using Definition 15, Remark 16, and Proposition 3 able to conclude
that there is a category of signatures.

Definition 19 (The category of signatures)We define the category of (equational) sig-
natures,SignEq, by letting

– Ob(SignEq) be the set of all signatures as presented in Definition 15, and

– for each signatureA,B∈Ob(SignEq), HomSignEq(A,B) is the set of all signature
morphisms fromA to B. 2

3.2 Terms

From a signature, it is possible to constructtermswhich are, in the programming lan-
guage analogy, similar to expressions using the abstract data types defined using the
signature. Using terms it is possible to combine operationsfreely under the condition
that the associated sorts are respected and this combination is done in a way that ap-
pear very much like mathematical function application. Thepractical appearance of
this will be made clear after the following, more formal, definition.

Definition 20 (Terms) Let Σ = (S,Ω) be a signature withX being an associated family
of variables, then there is a family of setsTΣX = (TΣ,sX)s∈S whose members are called
termsand which constitute strings over the alphabet

[

s∈S

Xs∪Op(Σ)∪{(,)}∪{,}.

More specifically, a termt ∈ TΣ,sX for somes∈ Sis said to be aterm of sorts. For each
s∈ S, the setTΣ,sX is inductively defined such that

(i) for each variablex∈ Xs, we havex∈ TΣ,sX;

(ii) for each constantω : // s∈ Ω, we haveω ∈ TΣ,sX; and

(iii) for each non-nullary operationω : s1 × . . .× sn // s∈ Ω, it is the case that
ω(t1, . . . , tn) ∈ TΣ,sX providedn≥ 1, si ∈ S, andti ∈ TΣ,si X for 1≤ i ≤ n.

As a special case, ifX = (∅s)s∈S, then TΣX is the family of sets containing only
variable-free terms—also known asground terms.

We will, for some termt, have var(t) denote the family of variables which occur in
that term. 2

Example 18 Let the signatureΣBOOL be as given in Example 13. Then, from Defini-
tion 20(ii), we have the case thatTrueandFalseare terms. From Definition 20(iii) is is
clear that¬(True) and¬(False) are terms, as are∧(True,True), ∧(False,¬(True)),
and so forth.

If we further letX = {{x,y,z}bool} be variables of sortbool. Then from Defini-
tion 20(i), it is known thatx, y andzare terms as well. We may of course mix all these
as we please—again, provided the operation sorts are respected—and thus the string

∧(∧(x,False),¬(y)) (3.1)

is yet another term and var[∧(∧(x,False),¬(y))] = {{x,y}bool}. Each of these example
terms are of course of the sortbool. 2
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To make terms more familiar, we may introduce some syntacticsugar in the form of
infix expressions. That is, the term∧(∧(x,False),¬(y)) may be written in the equiv-
alent form(x∧ False)∧ (¬y) or evenx∧ False∧¬y. A formal description of this
notation will be omitted but in short the operators, including operator priorities, will
work in the commonly understood way.

The notion of signature morphisms may be extended to terms and will then form
so-calledterm morphisms. Intuitively, if there exists a signature morphism taking one
signature to another, then we may form a term morphism which take terms of the first
signature into terms of the second signature. In other words, the translation occurs in
the same direction as the signature morphism.

Definition 21 (Term morphisms) Let Σ = (S,Ω) andΣ′ = (S′,Ω′) be two signatures,
µ : Σ // Σ′ a signature morphism between them, and finally letX be a family of
variables forΣ and

X′ = {(P µ(Xs))µ(s) | s∈ S}

be a family of variables forΣ′. The term morphism,µT : TΣX // TΣ′X′, taking a
Σ-term to aΣ′-term, is then inductively defined such that

(i) if t = x for somex∈ X, thenµT(t) = µX(x);

(ii) if t = ω for someω : // s∈ Ω and

µΩ(ω : // s) = ω′ : // µS(s),

thenµT(t) = ω′; and

(iii) if t = ω(t1, . . . , tn) for somen ≥ 1, ω : s1× . . .× sn // s∈ Ω, andti ∈ TΣ,si X
with 1≤ i ≤ n and where

µΩ(ω : s1× . . .×sn // s) = ω′ : µS(s1)× . . .×µS(sn) // µS(s),

thenµT(t) = ω′(µT(t1), . . . ,µT(tn)).

For simplicity, we denoteµT by µ when context allows. 2

From this definition, it is not immediately obvious that the term morphism gives a
correct term, that is, that given the conditions in Definition 21 andt ∈ TΣX it must be
the case thatµ(t) ∈ TΣ′X′. Fortunately, the correctness of this morphism may easily be
established as the following proposition shows.

Proposition 4 Let Σ = (S,Ω) and Σ′ = (S′,Ω′) be two signatures and X be a family
of Σ-variables. Further, let X′ = {(P µ(Xs))µ(s) | s∈ S} be a family ofΣ′ variables,
µ : Σ // Σ′ be a signature morphism and µT : TΣX // TΣ′X′ be a term morphism
constructed as specified in Definition 21. Then

t ∈ TΣX ⇐⇒ µT(t) ∈ TΣ′X′.
2

PROOF The proof is performed by straight-forward induction. Lett ∈ TΣX be some
Σ-term, then

– if t = x for some variablex∈X, then by Definition 21(i) we haveµT(t) = µX(x)∈
X′ which by Definition 20(i) is aΣ′-term;
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– if t = ω for some constantω : // s∈ Ω then, by Definition 21(ii) and Defini-
tion 20(ii), we directly haveµT(t) = ω′ ∈ TΣ′X′ for someω′ ∈ Op(Σ′); and

– if t = ω(t1, . . . , tn) then using the induction hypothesis,µT(t1), . . . ,µT(tn)∈ TΣ′X′

and thus, by as Definition 21(iii) and Definition 20(iii), it is the case that

µT(t) = ω′(µT(t1), . . . ,µT(tn)) ∈ TΣ′X′

for someω′ ∈ Op(Σ′).

These are all possible cases and we have therefore shown thatthe proposition claim is
correct. �

The idea of term morphisms may easily be illustrated by a simple example such as
the following.

Example 19 Let ΣNAT′ and µ : ΣNAT′ // ΣNATBOOL be as defined in Example 17.
Consider theΣNAT′ -termSucc(Add(x,Succ(Zero))) wherex∈ Xnatural is a variable be-
longing to the family of variablesX which, in turn, is associated toΣNAT′ . Translating
this term into aΣNATBOOL one is then done by applying the rules of Definition 21 as
follows:

µ(Succ(Add(x,Succ(Zero)))) = Succ(µ(Add(x,Succ(Zero))))

= Succ(+(µ(x),µ(Succ(Zero))))

= Succ(+(y,Succ(µ(Zero))))

= Succ(+(y,Succ(0)))

whereµX(x) = y∈Ynat andY is a family of variables associated toΣNATBOOL. 2

Finally, since each variable in a term is given a sort and, similarly, each term has
a sort, it is possible to formally define the process ofsubstitutingvariables by terms.
While not directly useful to us at this point, the concept of substitutions will prove to
be of fundamental importance in the next chapter where we consider logics.

Definition 22 (Substitutions) Given a signatureΣ = (S,Ω) with associated families
of variablesX andY, asubstitutionσ : X // TΣY is a family of functionsσ = (σs)s∈S

where
σs : Xs // TΣ,sY

for eachs∈ S. Application ofσ to a termt ∈ TΣX is denotedtσ and is defined such that

(i) if t = x for x∈ Xs, thentσ = σs(x);

(ii) if t = ω for ω : // s∈ Ω, thentσ = t; and

(iii) if t = ω(t1, . . . , tn) for ω : s1× . . .×sn // s∈Ω, n≥ 1, ti ∈TΣ,si X, and 1≤ i ≤ n,
thentσ = ω(t1σ, . . . , tnσ). 2

Example 20 Reusing the setup from Example 19 we see that given a substitution σ :
X // TΣX such thatσnatural(x) = Succ(x) then the term(Succ(Add(x,Succ(Zero))))σ
becomes(Succ(Add(Succ(x),Succ(Zero)))). 2
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3.3 Algebras

Up to this point, we have worked only on syntactic objects which themselves have no
semantic meaning. By applying an algebra onto the previously defined signatures and
terms, the semantic meaning will come to light. The ultimategoal in this section is
to—in a fashion similar to Section 3.1—establish a category ofalgebras. A number
of underlying concepts have to be presented first, however. Beginning with a formal
definition of algebra.

Definition 23 (Algebras) A Σ-algebra—or simplyalgebra—A for some signatureΣ =
(S,Ω) is a structure containing

– for eachs∈ S, a so-calledcarrier setA(s);

– for eachω : // s∈ Ω, an elementA(ω) ∈ A(s); and

– for eachω : s1× . . .×sn // s∈ Ω with n≥ 1, a function

A(ω : s1× . . .×sn // s) : A(s1)× . . .×A(sn) // A(s).
2

Remark 10 It should be noted that this text deals exclusively with complete algebras,
that is, algebras which do not have any partial functions associated with a operation.
While partial algebras can be very useful they also require complexity beyond the scope
of this thesis. For example, the intuitive algebra to the signatureΣ = (S,Ω) where

S⊇ {real} and

Ω ⊇ {÷ : real× real // real,

0 : // real}

would by necessity be partial sincet ÷0 certainly is a valid term but its value is un-
defined for any termt. A similar problem arise when one considers the NATLIST
signature given earlier where, in its intuitive algebra, the termHead(Nil) is undefined.

Fortunately, it is in many cases possible to avoid the problem altogether by intro-
ducing additional sorts. Consider, for example, the corresponding intuitive algebra to
the signatureΣ′ = (S′,Ω′) where

S′ ⊇ {real, real without zero} and

Ω′ ⊇ {÷ : real× real without zero // real,

0 : // real}.

This construction would be able to work around the problem sincet ÷0 is not a valid
term. Subsequently the algebra would remain total.

This is not a very elegant solution and is not very practical in real applications.
Fortunately, more elegant solutions to this problem exist and one which has gained
support—and which has found practical use in, for example, variants of theOBJ lan-
guage family—is to take advantage of so-calledorder-sortedalgebras [19, 20].

We will not go delve deeper into this issue though and for reasons of convenience,
we will simply work around any problems from now on. That the problem exists
should, however, be kept in mind. 2
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Interestingly, this uncomplicated definition of algebras provide all machinery re-
quired to give meaning to the sorts and operations of a signature. The following exam-
ple illustrates how this construction works.

Example 21 Given the signatureΣNAT as described in Example 12, we can construct
a straight-forward algebraA for it by assigning

A(nat) = N,

A(0 : // nat) = 0, and

A(Succ: nat // nat)(n) = n+1.

Note that inA(0 : // nat) = 0, the symbol 0 have different meaning in its two oc-
currences. The first occurrence is as part of a syntactic object, that is 0∈ ΩNAT , while
the second is as the well-known natural number zero, that is 0∈ N. It is of course
important to keep this distinction in mind so as to avoid confusion.

The previous algebra is certainly not the only algebra whichis possible to apply to
ΣNAT . We may, for example, construct the equally valid alternative ΣNAT-algebraB by
assigning

B(nat) = {0,1},

B(0) = 0, and

B(Succ)(n) = n+1 mod 2.

While this algebra does not match the intuitive semantics of the signature it is, as noted,
just as valid. Also, for simplicity, here the operations have been abbreviated, that is,
0 : // nat andSucc: nat // nat are written 0 andSucc, respectively. 2

Of course, the other example signatures given earlier can besimilarly “imple-
mented” by assigning them various algebras. A final example will show the intuitive
algebra for the boolean signature given in Example 13.

Example 22 The common boolean algebra, here calledABOOL, over the signature
ΣBOOL is constructed by letting

ABOOL(bool) = {true, f alse}

for the sortbool and

ABOOL(True) = true,

ABOOL(False) = f alse,

ABOOL(¬)(v) =

{

true if v = f alse

f alse if v = true
, and

ABOOL(∧)(v,u) =

{

true if v = trueandu = true

f alse otherwise

for the operations. 2

To be of practical use, the notion of an algebra must be related to the notion of
terms. Binding these two concepts together allow us to describe the value of a term
using the semantics provided by an algebra. This is—as can be imagined and will
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also later be illustrated—quite useful. Since the notion of terms as described in Defi-
nition 20 take variables into account, we must begin this examination by considering
how to handle variables. In particular, we must consider howvariables are assigned
values. This is done using a particular function, called avariable assignment.

Definition 24 (Variable assignments)If Σ = (S,Ω) is a many-sorted signature with
an associated family of variablesX, andA being an algebra overΣ. Then, variable
assignment is performed using a family of functionsv : X // A such that for each
s∈ S, there is a functionvs : Xs // A(s) which assigns to each variable ofX an
element of the appropriate carrier set inA. 2

Now terms, as they were previously defined can be given semantic meaning. This
is done by establishing the rules necessary to inductively evaluate a term using a given
algebra and variable assignment.

Definition 25 (Term evaluation) Let t ∈ TΣX be a term for some signatureΣ = (S,Ω)
havingX as associated family of variables. Then thevalue of t in someΣ-algebraA
together with the variable assignmentv : X // A is denotedA(v)(t) and is defined
inductively such that

A(v)(t) =







vs(x) if t = x∈ Xs

A(ω) if t = ω,ω : // s∈ Ω
A(ω)(A(v)(t1), . . . ,A(v)(tn)) if t = ω(t1, . . . , tn),n≥ 1,

ti ∈ TΣ,si X,1≤ i ≤ n, and

ω : s1× . . .×sn // s∈ Ω

for eachs∈ S. 2

Example 23 As an illustration of the inner workings of the previous definition, we
may consider theΣBOOL-algebraABOOL from Example 22. In the name of brevity,
we let A = ABOOL in this example. Also letX be an associated set of variables with
X = {{x,y}bool} and, finally, letv : X // A be a variable assignment such that

vbool(x) = true

vbool(y) = f alse.

Then for the termt given in Eq. (3.1), that is,

t = ∧(∧(x,False),¬(y)),

the valueA(v)(t) is evaluated such that

A(v)(t) = A(∧)(A(∧)(v(x),A(False)),A(¬)(v(y))

= A(∧)(A(∧)(true, f alse),A(¬)( f alse))

= A(∧)( f alse, true)

= f alse

whenA andv is applied. 2

It has already been mentioned that the description of a category of algebras will be
given. To do this, it is required to somehow move from one algebra to another. This is
done using analgebra homomorphism—or simplyhomomorphism.
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Definition 26 (Algebra homomorphisms) If A andB are algebras for the signature
Σ = (S,Ω), then an algebra homomorphism,h : A // B, is a family of functionsh
such thaths : A(s) // B(s) for eachs∈ S. These functions must be constructed in
such a way that for anyω : s1× . . .×sn // s∈ Ω, thehomomorphism condition

hs(A(ω)(a1, . . . ,an)) = B(ω)(hs1(a1), . . . ,hsn(an))

holds for alla1 ∈ A(s1), . . . ,an ∈ A(sn), n ≥ 0. In particular, the case whereω is a
constant giveshs(A(ω)) = B(ω). 2

Example 24 (The identity homomorphism) The definition of an identity homomor-
phism to aΣ-algebraA is rather trivial. Let idA be the identity homomorphism, then
for any sorts in Σ let idAs(a) = a wherea∈ A(s). 2

Example 25 In Example 21 theΣNAT algebraA was constructed such thatA(nat) = N,
that is,A(nat) = {0,1,2, . . .}. Also, recall from the same example thatA(0) = 0 and
A(Succ)(n) = n+1. Now, letA′ be theΣNAT-algebra

A′(nat) = {0,2,4, . . .},

A′(0) = 0, and

A′(Succ)(n) = n+2.

The homomorphismh : A // A′, taking the algebraA to A′, is then defined by letting

hnat(a) = 2a.

That the homomorphism condition is upheld for this particular homomorphism can
easily be verified by checking eachΣNAT-operation; for 0 : // nat we, of course,
have

hnat(A(0)) = hnat(0) = 2·0 = 0 = A′(0)

and, similarly, forSucc: nat // nat, we have

hnat(A(Succ)(n)) = hnat(n+1)

= 2(n+1)

= 2n+2

= A′(Succ)(2n)

= A′(Succ)(hnat(n)).

Thus, the homomorphism condition is respected andh truly is a homomorphism from
A to A′. 2

The homomorphisms presented in the previous two examples are special in the
regard that it is possible to construct an inverse homomorphism, sayh−1, such that
h−1(h(A)) = A. The situation is the same as described in Definition 7(i) regarding
morphisms and indeed, a homomorphism with this property is similarly called an iso-
morphism. The underlying requirement for a homomorphism,h : A // B, to be iso-
morphic is that each of itshs-functions is bijective—which clearly is the case withhnat

as given in Example 25.

Definition 27 (Composition of algebra homomorphisms)Let h : A // B and g :
B // C be two homomorphisms for theΣ-algebrasA, B, andC whereΣ = (S,Ω).
Then the compositiong ◦ h is a homomorphismg ◦ h : A // C forming a family of
functions withgs◦hs for eachs∈ S. That is, composition is performed “sort-wise”.2
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It still remains to show that this composition truly is a homomorphism, the follow-
ing proposition establishes this claim.

Proposition 5 (A composed homomorphism is itself a homomorphism) If g and h
are homomorphisms as given in Definition 27. Then the composition g◦ h, also as
given in Definition 27, is a homomorphism. 2

PROOF The proof is performed by showing thatgs◦hs satisfy the homomorphism con-
dition for any sorts in Σ. To do this, letω : s1× . . .×sn // sbe an arbitrary operation
in Σ. Then

(gs◦hs)(A(ω)(a1, . . . ,an)) = gs(hs(A(ω)(a1, . . . ,an)))

= gs(B(ω)(hs(a1), . . . ,hs(an)))

= C(ω)(gs(hs(a1)), . . . ,gs(hs(an)))

= C(ω)((gs◦hs)(a1), . . . ,(gs◦hs)(an))

and the homomorphism condition therefore holds and subsequentlyg◦h is a homomor-
phism. �

Proposition 6 (Composition of homomorphisms is associative) Let h: A // B, g:
B // C, and k: C // D be homomorphisms for theΣ-algebras A, B, C, and D with
Σ = (S,Ω). Then

k◦ (g◦h) = (k◦g) ◦h,

that is, homomorphism composition is associative. 2

PROOF As composition is done sort-wise, we have, from the definition of homomor-
phisms, the case that for each sorts, there is a functionks◦(gs◦hs) in k◦(g◦h). As each
hs, gs, andks is a function—and regular function composition is of course associative—
it must be that

ks◦ (gs◦hs) = (ks◦gs) ◦hs,

the right-hand side of which is exactly the form of the functions found in the homo-
morphism composition(k◦g) ◦h. As the underlying functions are equal, the homomor-
phisms must be equal and thus homomorphism composition is associative. �

Enough concepts have now been presented to, for some signature Σ, formulate a
definition of the category of allΣ-algebras.

Definition 28 (The category of algebras)The category ofΣ-algebrasAlgΣ, for some
signatureΣ, is defined by letting

– Ob(AlgΣ) be the set of all algebras as presented in Definition 23, and

– for each algebraA,B ∈ Ob(AlgΣ), HomAlgΣ(A,B) is the set of all algebra ho-
momorphisms fromA to B. In particular, the identity morphism for an algebra
A∈ Ob(AlgΣ) is idA as defined in Example 24. 2

Definition 28 concludes this short introduction to universal algebra. In the follow-
ing chapter covering logic, we shall see that universal algebra forms a crucial compo-
nent in the description of the syntax and semantics of the logics which we will work
with.



Chapter 4

Logic Using Categories

In the previous chapter on universal algebra we saw that it ispossible to find the value
of a term given some signature, algebra, and variable assignment. This can certainly
be useful of itself but being able to, for some given signature and algebra, answer
questions such as

Will 1 +x≤ 2+x hold forall assignments ofx?

or

Is it alwaystrue thatHead(Tail(Cons(x,Cons(y,Nil))))= Head(Cons(y,z))?

could prove to be an even greater tool. In other words, we wishto addlogic to our
notion of universal algebra. In this chapter, the mathematical framework needed to
express these notions will be developed. Since the framework will be developed using
category theory as foundation we will gain a number of interesting abilities “for free”.
As will be seen, one of the greatest such ability will be the possibility to move from
one representation of logic to another in a consistent manner!

Before moving further into the area of logic, it is possible to directly conclude
that the notions presented in in the previous chapter regarding universal algebra will
become an important building block when forming a description of logics. For exam-
ple, the simple boolean signature and algebra presented in respectively Example 13
and Example 22 are familiar to anyone who has had even the slightest contact with
mathematical logic. However, we will fortunately not be limited to the regular boolean
signature and algebra.

Traditionally, logics have been expressed mainly using unsorted signatures and al-
gebras. Further, one has often limited the logics by fixing the signature and algebra.
These limitations will, following the example of [27, 17], be done away with in this
chapter and both many-sorted signatures and algebras as well as signature morphisms
and algebra homomorphism will be taken into account. In the chapter we will look at
both semantic implication—which many will recognize from the |= symbol—and syn-
tactic implication—similarly recognizable by the⊢ symbol. Their relationship with
each other will be established and we will further see how to preserve their meaning
while moving between logics.

Leaving syntactic implication aside for the moment, we willfirst construct a math-
ematical structure which allows the semantic implication aspect of a logic to be ex-
amined in detail. Later, we will introduce a similar structure for syntactic implication
which may then be combined with the notion of institution to form a logic.

31
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4.1 Institutions

Informally an institution establishes the relationship between signatures—or rather the
strings which may be formed using a signature—and semantic implication, a relation-
ship which often go under the name of amodel theory[17]. The idea of representing
these aspects of logic within this type of structure stems from the work of Goguen and
Burstall [31] and the notation used here will to a large part follow their notation. Note
that signature in this context does not necessarily mean equational signature as it did
in Chapter 3 and as will be seen we may represent signatures ina number of ways
depending on purpose. Similarly, the terms presented in theprevious chapter will here
be referred to asequational terms.

Before we are able to construct concrete institutions we naturally need to establish
what they actually are, the formal definition is given below and following it are some
more informal explanations describing the more obscure aspects of the definition.

Definition 29 (Institutions) An institutionI is a quadrupleI =(Sign,Sen,Mod,|=|=|=)
in which

– Sign is a category of signatures;

– Sign
Sen // Set is a functor where each element ofSen(Σ) is called aΣ-sentence

or Σ-formula;

– Sign
Mod // Catop is a functor where each category ofMod(Σ) represents the

category ofΣ-models; and

– |=|=|= is a family ofsatisfaction relationssuch that

|=|=|=Σ ⊆ Ob(Mod(Σ))×Sen(Σ)

for eachΣ ∈ Ob(Sign).

For notational convenience, we writeM |=|=|=Σ ϕ if (M,ϕ) ∈ |=|=|=Σ, and M 6 |=|=|=Σ ϕ if
(M,ϕ) /∈ |=|=|=Σ whereM ∈ Ob(Mod(Σ)) andϕ ∈ Sen(Σ).

Each of the|=|=|=Σ relations must fulfill thesatisfaction condition—also known as|=|=|=-
invariance. This condition states that for all morphismsµ∈ HomSign(Σ,Σ′), models
M′ ∈ Ob(Mod(Σ)) and sentencesϕ ∈ Sen(Σ), |=|=|=Σ must be such that

Mod(µ)(M′)|=|=|=Σ ϕ ⇐⇒ M′ |=|=|=Σ′ Sen(µ)(ϕ). (4.1)

2

In Definition 29, note in particular that theMod functor translates categories of
models in the opposite direction in relation to the way signatures are translated. The
rationale behind this definition ofMod—which at first glance may seem peculiar—may
best be illustrated by considering what would happen if the seemingly more natural
functor Mod′ : Sign // Cat had been chosen overMod : Sign // Catop in the
definition of institution. The satisfaction condition would then have been

M |=|=|=Σ ϕ ⇐⇒ Mod′(µ)(M)|=|=|=Σ′ Sen(µ)(ϕ).

for a modelM ∈ Ob(Mod′(Σ)). Now consider the situation that occurs for the sig-

nature morphismsΣ1
µ1 // Σ oo µ2 Σ2. That is,µ1 andµ2 have the same codomain
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but different domains. It is now possible to see how a situation may arise where
M1 ∈ Ob(Mod′(Σ1)), ϕ1 ∈ Sen(Σ1), M2 ∈ Ob(Mod′(Σ2)), andϕ2 ∈ Sen(Σ2) are such
that Mod′(µ1)(M1) = Mod′(µ2)(M2) = M andSen(µ1)(ϕ1) = Sen(µ2)(ϕ2) = ϕ. But
then, ifM1|=|=|=ϕ1 andM2 6 |=|=|=ϕ2, what aboutM |=|=|=ϕ? In other words, we have discovered
an inconsistency. TheMod functor solves this problem by effectively reversing the
signature morphisms. This may be illustrated by reusing thesetup which caused the
problem forMod′. We then observe thatMod(µ1)(M) = Mod(µ2)(M) only if µ1 = µ2,
that is, the confusing situation where two different signature morphisms will yield the
same model is avoided.

In conclusion, theMod functor as given in Definition 29 is therefore the natu-
ral choice for our notion of institution and the satisfaction condition must then be as
shown in Figure 4.1. TheSenfunctor is far more straight-forward and does not pose

Mod(Σ)

Mod(µ)(M′)

Mod(Σ′)
M′

|=|=|=Σ

|=|=|=Σ′

Sen(Σ)

ϕ

Sen(Σ′)

Sen(µ)(ϕ)

Figure 4.1: Illustration of the satisfaction condition.

any problems since we clearly want sentences to map in the same direction as signa-
tures. The opposite would certainly be counter-intuitive!Considering the satisfaction
condition further, we see that it gives as a consequence the property that satisfiability
of a sentence does not change with the underlying signature representation. In short,
it does not matter what name an operation may go under, it is the operation semantics
which is of primary importance in this case.

We often wish to view the satisfaction relation not in terms of the more abstract
notion of models that we have considered up to now but rather from the point of view
of the set of sentences satisfied by these models. A set, sayΓ, of this type for some
modelM ∈ Mod(Σ), Σ ∈ Ob(Sign), is determined by

Γ = {ϕ ∈ Sen(Σ) | M |=|=|=Σ ϕ}.

From this type of representation, we are able to construct a full subcategory ofMod(Σ)
which shall be calledMod(Σ,Γ). This subcategory has as objects all models which
satisfy the sentences inΓ. This in turn allow us to define a slightly different family of
satisfaction relations.



34 Chapter 4. Logic Using Categories

Definition 30 (An alternative satisfaction relation) LetI =(Sign,Sen,Mod,|=|=|=) be
an arbitrary institution and|= be a family of binary relations where

|=Σ⊆ P Sen(Σ)×Sen(Σ)

for each signatureΣ ∈ Ob(Sign) and whereP is the regular powerset functor. Then
each|=Σ is also said to be a satisfaction relation if the condition

Γ |=Σ ϕ ⇐⇒ M |=|=|=Σ ϕ

holds for allϕ ∈ Sen(Σ) andM ∈ Mod(Σ,Γ). 2

Remark 11 Note that in most other texts, no typographic distinction ismade between
the two types of satisfaction relations. In other words,|= and|=|=|= as previously defined
are both represented by the single symbol|=. The reader of those texts should keep
in mind that these are two distinct, albeit related, relations. The decision to represent
these using two different symbols in this text was made in an attempt to highlight this
distinction. 2

We have in Definition 29 established what the objects in the category of institutions
are, the definition of its morphisms will prove more tricky and they will therefore be
omitted until the required notions have been presented. Theimpatient reader may
find the presentation of institution morphisms in Section 4.6. The rest of this section
will instead thoroughly demonstrate two motivating examples which show how the
semantic part of concrete logics may be described in the context of institutions. These
examples will cover equational logic and first order logic, respectively. Typically, these
logics are considered in their regular unsorted, fixed signature variants but here they
will be allowed the freedom of both many-sorted and varying signatures.

4.1.1 Institution of Equational Logic

In the introduction to the previous chapter it was mentionedthat care should be taken
to differentiate between abstract algebra and elementary algebra. Abstract algebra is
a considerably more general concept and we will now use the tools developed in the
chapter to describe a logic which—given an appropriate signature and algebra—may
appear very much like the familiar elementary algebra.

As a first step towards this definition, it is beneficial to establish what will be con-
sidered a sentence in equational logic and how to give it an appropriate functorial rep-
resentation. In other words, how shouldSenin this particular logic be defined? In-
formally a sentence in equational logic may be thought of as being the same thing as
equations in elementary algebra. That is, we are simply talking aboutequalityand wish
to answer questions of the type: Doessomethingequalssomething else? Of course, the
answer to such a question depend intimately on the nature of the particular algebras
used. As might be suspected, a sentence in the equational logic setting will also be
called anequationand Definition 31 that follows provide the formal description.

Definition 31 (Equations) Let e be aΣ-equationfor some signatureΣ = (S,Ω). The
equation is represented as a triplee= (X, t, t ′) whereX is a family ofΣ-variables and
t, t ′ ∈ TΣ,sX, that is, terms of some sorts∈ S. For simplicity, the triple will typically
be written(∀X) t = t ′. If X = var(t)∪var(t ′), we may simplify even further by writing
t = t ′. 2
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Note that the signatures in equational logic are, as the namesuggest, identical to
the equational signatures of the previous chapter and subsequently theSign category of
the institution will be the previously defined category of equational signatures,SignEq.

The inclusion of the family of variables—X in this case—in an equation warrants
a brief explanation: In short, in unsorted equational logican equation is typically rep-
resented simply as a pair(t, t ′), wheret, t ′ are terms. It is then possible to apply the
common inference (or deduction) rules that apply in equational logic—such as reflex-
ivity, symmetry, and transitivity. It is desirable to maintain the same inference rules
even in the many-sorted case. Unfortunately, simply reusing the unsorted represen-
tation of an equation will compromise the soundness of the many-sorted logic. The
underlying reasons for this will not be further developed inthis text and suffice it to
say, a few different solutions to this problem has been suggested but one that has gained
considerable traction requires a representation of equations equivalent to the one given
in Definition 31. For more information, the interested reader is referred to e.g. [18]
where the problem and solutions are presented in greater detail.

No semantic meaning is placed into an equation at this point,the meaning will
be provided by the satisfaction relation given in Definition34. Fortunately, the lack
of semantics does not prevent us from constructing a few simple example equations
before then.

Example 26 (Simple equations)Using the signatureΣBOOL from Example 13 and
boolean variablesb,b′, we may for example construct the equations

(∀{{b}bool}) b∧b = True∧b,

(∀{{b,b′}bool}) b∧b′ = b′∧b, and

(∀{{b}bool}) ¬b∧b = b.

Similarly, using signatureΣNATLIST from Example 15,nat-variablex, andbool-variable
b, we may for example construct the equations

(∀{{x}nat}) Cons(x,Nil) = Nil , and

(∀{{x}nat,{b}bool}) b = Empty(Cons(x,Cons(0,Nil))). 2

It is now possible to create an appropriateSenfunctor for our institution, taking a
signature to its set of sentences—or as they are known in this case; equations. This
functor will in equational logic be calledSenEq and the following definition describes
its structure.

Definition 32 (TheSenEq functor) Let SenEq : SignEq // Set be a functor such
that

SenEq(Σ) = {(X, t, t ′) | t, t ′ ∈ TΣ,sX,s∈ S, andX a family of variables forΣ}

for any signatureΣ = (S,Ω) ∈ Ob(SignEq), and

SenEq(µ)((X, t, t ′)) = (µ(X),µ(t),µ(t ′))

for some signature morphismµ : Σ // Σ′. In other words,SenEq(Σ) is the set of all
Σ-equations andSenEq(µ)(ϕ) turns aΣ-equationϕ into aΣ′-equation. 2

Much like the case of signatures in equational logic, the models of equational logic
are precisely the equational algebras of the previous chapter. Using the category of
equational algebras which was defined there, we may construct a functor,ModEq, tak-
ing the role of theMod functor in the institution.
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Definition 33 (TheModEq functor) LetModEq : SignEq // Catop be a functor such
that for some signatureΣ = (S,Ω) ∈ Ob(SignEq) it is the case that

ModEq(Σ) = AlgΣ.

Additionally, for some signature morphismµ : Σ // Σ′ whereΣ =(S,Ω)∈Ob(SignEq)
it is the case thatModEq(µ) is a functor

AlgΣ′

ModEq(µ) // AlgΣ

such that

(i) if A′ is aΣ′-algebra, then there exists aΣ-algebraA = ModEq(µ)(A′) which sat-
isfies the conditions

A(s) = A′(µ(s)) and A(ω) = A′(µ(ω))

for each sorts∈ Sand operationω ∈ Ω; and

(ii) if h′ : A′ // B′ is a homomorphism between theΣ′-algebrasA′ andB′, then the
homomorphismh = ModEq(µ)(h′) is such that

ModEq(µ)(A′)
h // ModEq(µ)(B′)

andhs = h′µ(s) for all s∈ S. 2

Two simple examples will illustrate the operation ofModEq, the first show how
algebras are translated—the case in Definition 33(i)—and the second example naturally
show how algebra homomorphisms are translated—as per Definition 33(ii). Notice in
the examples the way in whichModEq translate the semantics of algebras and algebra
homomorphisms in reverse.

Example 27 Let µ : ΣNAT′ // ΣNATBOOL be as given in Example 17 and

A′ ∈ Ob(ModEq(ΣNATBOOL))

be the traditionalΣNATBOOL-algebra. By applyingModEq(µ) as per Definition 33, we
obtain theΣNAT′ -algebraA = ModEq(µ)(A′) such that

A(natural) = A′(µ(natural)) = A′(nat) = N

A(Zero) = A′(µ(Zero)) = A′(0) = 0

A(Succ)(n) = A′(µ(Succ))(n) = A′(Succ)(n) = n+1

A(Add)(n1,n2) = A′(µ(Add))(n1,n2) = A′(+)(n1,n2) = n1 +n2.

2

Example 28 Just as in the previous example, letΣNAT′
µ // ΣNATBOOL be as given

in Example 17 and letA′ be the traditionalΣNATBOOL-algebra. Also, letB′ be the

ΣNATBOOL-algebra obtained by the algebra homomorphismA′ h′ // B′ defined by

h′nat(n) = n2

h′bool(b) =

{

true if b = false,

f alse if b = true.
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Now we may ask ourselves whatModEq(µ)(h′) is. Simply applying Definition 33(ii)
gives, for the single sortnatural in ΣNAT′ ,

ModEq(µ)(h′)natural = h′nat.

Notice in particular how—sinceΣNAT′ has no sort corresponding to the sortbool in
ΣNATBOOL—theh′bool function is given no attention byModEq(µ).

This example will not expand further on the nature of the algebrasModEq(µ)(A′)
andModEq(µ)(B′). Rather, this will be left as an interesting exercise. 2

Having established precisely the structures which constitute sentences and mod-
els in equational logic, we may now attempt to formalize an appropriate satisfaction
relation.

Definition 34 (The satisfaction relation) Let A∈ Ob(ModEq(Σ)) be any algebra for
the equational signatureΣ with X being an associated family of variables. Then the
satisfaction relation of equational logic,|=|=|=Eq, is such that

A|=|=|=Eq
Σ (∀X) t = t ′ ⇐⇒ A(v)(t) = A(v)(t ′)

for each equation(∀X) t = t ′ and variable assignmentv : X // A. 2

It remains to show that this definition of the satisfaction relation fulfill the satis-
faction condition of Eq. (4.1). This is an absolute requirement for an institution so the
proof will be covered in some detail. However, before presenting this proof a lemma

is needed. It, somewhat simplified, states that for some signature morphismΣ
µ // Σ′

andΣ′-algebraA′, the Σ-terms evaluated by the algebraModEq(µ)(A′) will yield the
same value as their correspondingΣ′-terms evaluated by the algebraA′.

Lemma 1 Let Σ = (S,Ω) and Σ′ be two equational signatures, µ: Σ // Σ′ a mor-
phism between them, and X,X′ be families of variables associated withΣ andΣ′, re-
spectively. Further, let A′ be aΣ′-algebra andv′ : X′ // A′ be a variable assignment.
For some term t∈ TΣX, it is then the case that

ModEq(µ)(A′)(v)(t) = A′(v′)(µ(t)) (4.2)

wherev : X // ModEq(µ)(A′) is a variable assignment such that

vs(x) = v
′
µ(s)(µ(x)) (4.3)

for each x∈ Xs and s∈ S. 2

PROOF The lemma is shown by performing induction over a termt ∈ TΣX. For brevity,
let A = ModEq(µ)(A′). Then

1. if t = x for somex∈ Xs, we have

A(v)(x) = vs(x) by Definition 25

= v
′
µ(s)(µ(x)) by Eq. (4.3)

= A′(v′)(µ(x)) by Definition 25; and
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2. if t = ω for someω : // s∈ Ω, we have

A(v)(ω) = A(ω) by Definition 25

= A′(µ(ω)) by Definition 33(i)

= A′(v′)(µ(ω)) by Definition 25; and

3. if t = ω(t1, . . . , tn) for ω : s1× . . .×sn // s∈ Ω andti ∈ TΣ,si X, 1≤ i ≤ n, n≥ 1,
we have

A(v)(ω(t1, . . . , tn))

= A(ω)(A(v)(t1), . . . ,A(v)(tn)) by Definition 25

= A′(µ(ω))(A′(v′)(µ(t1)), . . . ,A
′(v′)(µ(tn))) by Definition 33(i) and

induction hypothesis

= A′(v′)(µ(ω(t1, . . . , tn))) by Definitions 25 and 21.

These are all possible cases and we may therefore conclude that the Lemma holds.�

Using Lemma 1, we are now able to show the validity of the following proposition
which establishes that the satisfaction condition is upheld by the presented construc-
tions:

Proposition 7 The satisfaction relation as given in Definition 34 comply with the sat-
isfaction condition. That is,

ModEq(µ)(A′)|=|=|=
Eq
Σ (∀X) t = t ′ ⇐⇒ A′ |=|=|=

Eq
Σ′ SenEq(µ)((∀X) t = t ′) (4.4)

for eachΣ = (S,Ω),Σ′ ∈Ob(SignEq) with X a family of variables forΣ as well as each
µ : Σ // Σ′, A′ ∈ Ob(ModEq(Σ′)), and(∀X) t = t ′ ∈ Ob(SenEq(Σ)). 2

PROOF We first recall from Definition 32 that

SenEq(µ)((∀X) t = t ′) = (∀µ(X)) µ(t) = µ(t ′). (4.5)

Now, for brevity, letA = ModEq(µ)(A′) and also letv : X // A andv
′ : µ(X) // A′

be any variable assignments such that

vs(x) = v
′
µ(s)(µ(x))

for all x∈ Xs ands∈ S. Then by Definition 34 and Eq. (4.5), we may state the satisfac-
tion condition in the following, equivalent, way:

A(v)(t) = A(v)(t ′) ⇐⇒ A′(v′)(µ(t)) = A′(v′)(µ(t ′)).

We are now able to, using Lemma 1, directly conclude that thisequivalence holds and
by extension that the satisfaction condition holds. �

A simple example of course be given to help illustrate the proposition claim.

Example 29 Let theΣNAT′ -algebraA, ΣNATBOOL-algebraA′, and signature morphism
µ from ΣNAT′ to ΣNATBOOL be as given in Example 27. Does then Eq. (4.4) hold for the,
obviously satisfiable,ΣNAT′ -equationSucc(0) = Add(Succ(0),0)? That is, does

ModEq(µ)(A′)|=|=|=EqSucc(0) = Add(Succ(0),0)

⇐⇒ A′ |=|=|=EqSenEq(µ)(Succ(0) = Add(Succ(0),0)) (4.6)
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hold? We first observe that by Example 27,A = ModEq(µ)(A′) and by Definition 32

SenEq(µ)(Succ(0) = Add(Succ(0),0))

= (µ(Succ(0)) = µ(Add(Succ(0),0))

= (Succ(0) = Succ(0)+0),

and Eq. (4.6) can therefore be rewritten

A|=|=|=EqSucc(0) = Add(Succ(0),0) ⇐⇒ A′ |=|=|=EqSucc(0) = Succ(0)+0.

It is easy to see thatSucc(0) = Succ(0)+ 0 is satisfied byA′ which is precisely what
the satisfaction condition demands. Similarly, if some falseΣNAT′ -equation where to
be used instead, the correspondingΣNAT′ -equation would not be satisfied byA′. 2

All the necessary components for the description of the institution of equational
logic have now been covered. To conclude the example, the complete institution for
equational logic is given in the following definition.

Definition 35 (The institution of equational logic) LetI Eq denote the institution de-
scribing the semantic aspect of equational logic. Then

I
Eq = (SignEq,SenEq,ModEq,|=|=|=Eq)

with each component being as defined throughout Section 4.1.1. 2

4.1.2 Institution of First Order Logic

The definition of first order logic given in this section will,as previously stated, be more
general than the common definition through the addition of multiple sorts and varying
signature. Another difference from the typical definition of first order logic is the ad-
dition of equality, by adding this generalization we may forgo the need for predicate
symbols—these may instead be “simulated” by boolean operations. That is, instead of
having a predicateSunIsShining(x), we may use a similarly named boolean operation
together with equality,SunIsShining(x) = True, to achieve the same effect. This is
only a convenience and we could equally well have described first order logic using
predicates—the added expense would have been the necessity for further descriptions
and explanations.

In essence, the definitions given in this example follow the ones in [27] but adds
categorical “wrapping” by giving the description within the context of institutions. The
goal in this example will be the construction of the institution of first order logic; here
denotedI Fo.

As in the case of the equational logic institution, we begin by considering the sen-
tences which in first order logic will be calledformulas—or more preciselyfirst order
formulas. Due to allowing equality we are not only able to forgo the need for explicit
predicates, we are also able to reuse the equational signatures in our description of the
first order formulas. That is, we have

SignFo = SignEq. (4.7)

The precise appearance of these formulas will now be formalized in the construction
of the first orderSenfunctor.
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Definition 36 (TheSenFo functor) Let SenFo : SignFo // Set be a functor such
that, for some signatureΣ = (S,Ω) ∈ Ob(SignFo), SenFo(Σ) is the set of first order
formulas defined inductively1 such that

– if t, t ′ ∈ TΣ,sX for somes∈ SandX is family of variables associated withΣ, then
(t=== t ′) ∈ SenFo(Σ);

– if ϕ,ϕ′ ∈ SenFo(Σ), then(ϕ∧∧∧ϕ) ∈ SenFo(Σ);

– if ϕ ∈ SenFo(Σ), then(¬¬¬ϕ) ∈ SenFo(Σ); and

– if ϕ ∈ SenFo(Σ), x∈ Xs, ands∈ S, then((∀x : s) ϕ) ∈ SenFo(Σ).

For some signature morphismµ : Σ // Σ′, with Σ,Σ′ ∈ Ob(SignFo), we define the
corresponding formula morphism,SenFo(µ), inductively by letting

SenFo(µ)( f ) =







µ(t)===µ(t ′) if f = (t=== t ′)

SenFo(µ)(ϕ)∧∧∧SenFo(µ)(ϕ′) if f = (ϕ∧∧∧ϕ′)

¬¬¬SenFo(µ)(ϕ) if f = (¬¬¬ϕ)

(∀µ(x) : µ(s)) SenFo(µ)(ϕ) if f = ((∀x : s) ϕ).

2

Remark 12 As before, we use the regular operator priorities and therefore allow drop-
ping the parentheses when appropriate. We may also define a number of common
formula abbreviations in terms of∧∧∧,¬¬¬, and∀. For example

ϕ∨∨∨ϕ′
; ¬((¬¬¬ϕ)∧∧∧(¬¬¬ϕ′)),

ϕ−→−→−→ϕ′
; ¬ϕ∨∨∨ϕ′, and

(∃x : s) ϕ ; ¬¬¬((∀x : s) ¬¬¬(ϕ)).

2

Example 30 Using the signatureΣNATLIST from Example (15), we may construct valid
first order formulas such as

(∀x : nat) (∀l : natlist) ((∀y : natlist) Cons(x,y)=== l)∧∧∧(Head(l)===x) or

(∀x : nat) (∃y : nat) ¬¬¬(x===0)−→−→−→(x===Succ(y)∧∧∧y≤ x).

Expanding the abbreviations applicable to the latter of theabove formulas yield the
equivalent, but far less convenient, formula

(∀x : nat) ¬¬¬((∀y : nat) ¬¬¬¬¬¬¬¬¬(¬¬¬¬¬¬(x===0)∧∧∧¬¬¬(x===Succ(y)∧∧∧y≤ x)).

Finally, note that there is a considerable risk of confusionregarding the symbols
used in formulas. For example,∧ is an operator inΣNATLIST while the∧∧∧ which is used
above is ameta-operationof first order formulas. This confusing situation will—as
much as possible—be avoided in this text by letting the lattersymbol be bold-face.
Other texts often do not make this distinction so careful reading is advised in order to
avoid getting tangled up in the meaning of some particular notation. 2

1It is also possible to construct this definition using so-called generated algebras [17]. However, as
this type of algebra has not been previously covered, the straight-forward—but perhaps more mundane—
inductive definition is given instead.
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In order for us to add semantic meaning to these sentences, wefirst need to intro-
duce the notion offree variables. In the following definition, recall that var(t) denotes
the family of variables which occur in the termt.

Definition 37 (Free variables) Let ϕ ∈ SenFo(Σ) be a first order formula based on
some signatureΣ = (S,Ω) ∈ Ob(SignFo) with associated family of variables,X. We
may then define the family of free variables ofϕ, denoted free(ϕ), inductively by

free(ϕ) =







var(t)∪var(t ′) if ϕ = (t=== t ′)

free(ϕ′)∪ free(ϕ′′) if ϕ = (ϕ′∧∧∧ϕ′′)

free(ϕ′) if ϕ =¬¬¬ϕ′

free(ϕ) = free(ϕ)\{x}s if ϕ = (∀x : s) ϕ.

for eacht, t ′ ∈ TΣX, ϕ′,ϕ′′ ∈ SenFo(Σ), andx∈ Xs, s∈ S. 2

The only thing lacking before we are able to define the first order logic satisfaction
relation is aMod functor, which in this case will be calledModFo. The appearance of
this functor will reminisce in large part with theModEq functor. The difference being
that the algebras involved must be extended to cope with the first order formulas, that
is, we are required to define the value of a first order formula.This is analog to the
evaluation of terms as described in Definition 25.

Definition 38 (Formula evaluation) Let Σ ∈ Ob(SignFo) be a signature withX, an
associated family of variables. Further, letA be an equationalΣ-algebra,ϕ ∈ SenFo(Σ)
some first order formula with free(ϕ)⊆ X, and, finally,v : X // A, a variable assign-
ment. Then thetruth valueof ϕ underA, denotedA(v)(ϕ), is given by the inductive
definition

A(v)(ϕ) = true ⇐⇒







ϕ = (t=== t ′), t, t ′ ∈ TΣX, andA(v)(t) = A(v)(t ′)

ϕ = ϕ′∧∧∧ϕ′′, A(v)(ϕ′) = true, andA(v)(ϕ′′) = true

ϕ =¬¬¬ϕ′ andA(v)(ϕ′) = f alse

ϕ = (∀x : s) ϕ′ andA(v[x 7→s a])(ϕ′) = true for all a∈ A(s)

whereϕ′,ϕ′′ ∈ SenFo(Σ) and the notationv[x 7→s a] means that forx∈ Xs, vs(x) = a. 2

Example 31 In light of Definition 38, consider the first orderΣNATBOOL-formulas

(∀y : nat) ((x+y≤ y)===True) (4.8)

x∗1===x+0 (4.9)

Now, letA be the traditionalΣNATBOOL-algebra. Then it is easy to convince oneself that
the values of Eq. (4.8) and Eq. (4.9), respectively, are

A(v)((∀y : nat) ((x+y≤ y)===True)) = true only if v(x) = 0

A(v)(x∗1===x+0) = true for all v(x) ∈ A(nat) = N. 2

From the above argument, we see that the algebras in our notion of first order
logic are identical to the equational case. The models are therefore also identical and
subsequently, theModFo functor is simply defined in terms ofModEq.

Definition 39 (TheModFo functor) LetModFo : SignFo // Catop be a functor iden-
tical in all aspects, with the exception of its domain, to theModEq functor of Defini-
tion 33. 2
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Having a definition ofModFo, we may finally consider the satisfaction relation of
first order logic. Since all the needed groundwork has been performed, this definition
becomes deceptively simple.

Definition 40 (The satisfaction relation) LetA∈Ob(ModFo(Σ)) andϕ∈Ob(SenFo(Σ))
be an algebra and first order formula for some signatureΣ ∈ Ob(SignFo), respectively.
Then—using Definition 38—the first order satisfaction relation, |=|=|=Fo, is such that

A|=|=|=Fo
Σ ϕ ⇐⇒ A(v)(ϕ) = true

holds for each variable assignmentv : free(ϕ) // A. 2

Just as in equational logic, it must be shown that the satisfaction relation truly
uphold the satisfaction condition of Eq. (4.1). The following proposition establishes
this fact.

Proposition 8 The satisfaction relation as given in Definition 40 comply with the sat-
isfaction condition. That is,

ModFo(µ)(A′)|=|=|=Fo
Σ ϕ ⇐⇒ A′ |=|=|=Fo

Σ′ SenFo(µ)(ϕ) (4.10)

for all Σ = (S,Ω),Σ′ ∈ Ob(SignFo), µ : Σ // Σ′, A′ ∈ Ob(ModFo(Σ′)), and formula
ϕ ∈ SenFo(Σ). 2

PROOF For brevity, letA = ModFo(µ)(A′). We may then, using Definition 40 rewrite
Eq. (4.10) to the equivalent statement

A(v)(ϕ) = true ⇐⇒ A′(v′)(SenFo(µ)(ϕ)) = true. (4.11)

Thus, we wish to show that Eq. (4.11) holds for all variable assignmentsv : X // A
andv : µ(X) // A′ with

vs(x) = v
′
µ(s)(µ(x)) (4.12)

and whereX is some family of variables forΣ.
In the derivations that follow, for brevity,A(v)(ϕ) = true will be written simply

A(v)(ϕ). The proof technique will—yet again—be induction and using itwe observe
that if

(i) ϕ = (t=== t ′) for somet, t ′ ∈ TΣX, then Eq. (4.11) becomes

A(v)(t=== t ′) ⇐⇒ A(v)(t) = A(v)(t ′) by Definition 38

⇐⇒ A′(v′)(µ(t)) = A′(v′)(µ(t ′)) by Lemma 1

⇐⇒ A′(v′)(µ(t)===µ(t ′)) by Definition 38

⇐⇒ A′(v′)(SenFo(µ)(t=== t ′)) by Definition 36;

(ii) ϕ = ϕ′∧∧∧ϕ′′ for someϕ′,ϕ′′ ∈ SenFo(Σ) gives;

A(v)(ϕ′∧∧∧ϕ′′)

⇐⇒ A(v)(ϕ′) andA(v)(ϕ′′) by Definition 38

⇐⇒ A′(v′)(SenFo(µ)(ϕ′)) andA′(v′)(SenFo(µ)(ϕ′′)) by induction hypothesis

⇐⇒ A′(v′)(SenFo(µ)(ϕ′)∧∧∧SenFo(µ)(ϕ′′)) by Definition 38

⇐⇒ A′(v′)(SenFo(µ)(ϕ′∧∧∧ϕ′′)) by Definition 36
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(iii) ϕ =¬¬¬ϕ′ for someϕ′ ∈ SenFo(Σ) gives

A(v)(¬¬¬ϕ′) ⇐⇒ A(v)(ϕ′) = f alse by Definition 38

⇐⇒ A′(v′)(SenFo(µ)(ϕ′)) = f alse by induction hypothesis

⇐⇒ A′(v′)(¬¬¬SenFo(µ)(ϕ′)) by Definition 38

⇐⇒ A′(v′)(SenFo(µ)(¬¬¬ϕ′)) by Definition 36; and

(iv) ϕ = (∀x : s) ϕ′ for someϕ′ ∈ SenFo(Σ), x∈ Xs, ands∈ Sgives

A(v)((∀x : s) ϕ′)

⇐⇒ A(v[x 7→s a])(ϕ′) by Definition 38

⇐⇒ A′(v′[µ(x) 7→µ(s) µ(a)])(SenFo(µ)(ϕ′)) by Eq. (4.12) and

induction hypothesis

⇐⇒ A′(v′)((∀µ(x) : µ(s)) SenFo(ϕ)) by Definition 38

⇐⇒ A′(v′)(SenFo((∀x : s) ϕ)) by Definition 36.

These are all possible cases and we may therefore draw the conclusion that Proposi-
tion 8 holds. �

We have now constructed all components needed for the institution of first order
logic and shown that they are consistent with the satisfaction condition. This institution
is summarized in Definition 41 below.

Definition 41 (The institution of first order logic) LetI Fo denote the institution de-
scribing the semantic aspect of first order logic. Then

I
Fo = (SignFo,SenFo,ModFo,|=|=|=Fo)

with each component being as defined throughout Section 4.1.2 2

In these two examples, we have in some detail covered the creation of both the insti-
tution of equational logic and the institution of first orderlogic with equality. Many of
the definitions given in these two examples will prove themselves useful throughout the
rest of the chapter so a thorough understanding of the relevant notions is recommended
before continuing with the rest of the chapter.

4.2 Entailment Systems

Having covered semantic implication and the semantic partsof logic in general, we
shall now concentrate on the syntactic parts. We shall do this in the context ofentail-
ment systems. These will at this point be very abstract and unfortunatelynot allow us
to expand the example of equational logic and first order logic into the area of syntac-
tic implication. The abstraction is primarily due to the fact that the process of actu-
ally proving sentences is completely separated from the notion of entailment. In other
words, an entailment system merely describes thepropertieswe expect syntactic impli-
cation to have. Section 4.8 will reveal a concrete way to describe—or axiomatize—the
proof process by adding the notion ofproof calculi to our bag of tools.

But before then we will examine the entailment system, beginning with—as in the
case of institutions—the formal definition.
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Definition 42 (Entailment systems)An entailment system,E , is constructed using a
triple E = (Sign,Sen,⊢) where

– Sign is a category of signatures,

– Senis a functorSen: Sign // Set, and

– ⊢ is a family of binary relations consisting of

⊢Σ ⊆ P Sen(Σ)×Sen(Σ)

for each signatureΣ ∈ Ob(Sign) where⊢Σ is called aΣ-entailment

subject to the condition that each⊢Σ

(i) is reflexive, that is,{ϕ} ⊢Σ ϕ for eachϕ ∈ Sen(Σ);

(ii) is monotone, that is,Γ′ ⊢Σ ϕ, for all Γ′ ⊆ Γ such thatΓ ⊢Σ ϕ;

(iii) is transitive, that is, given sentencesϕi , i ∈ I , such thatΓ ⊢Σ ϕi and, additionally,
Γ∪{ϕi | i ∈ I} ⊢Σ ψ, thenΓ ⊢Σ ψ; and

(iv) is an⊢-translation, meaning that, ifΓ ⊢Σ ϕ then for allµ∈ HomSign(Σ,Σ′), it is
the case thatP µ(Γ) ⊢Σ′ µ(ϕ).

If Γ ⊢Σ ϕ, then we say thatΓ is the set ofaxiomsandϕ is derivable fromΓ or, alter-
natively, thatϕ is a logical consequence ofΓ. Note that the subscript of⊢Σ may be
omitted when the signature is of little interest or is obvious from context. Finally, if an
entailment system is such that for anyΓ ⊢Σ ϕ, there is a finiteΓ0 ⊆ Γ such thatΓ0 ⊢Σ ϕ,
then the entailment system is calledcompact2. 2

More informally, the reflexivity condition on⊢ means that if we assume the va-
lidity of a sentence then we may also prove it. The monotonicity condition assure us
that adding axioms only expand—or possibly leave unchanged—the set of provable
sentences. The transitivity condition states that adding aderivable sentence to the set
of axioms does not change which other sentences we may prove.Finally,⊢-translation
states that entailment remains invariant under change of signature. In other words, the
conditions are such that the family of entailment relationsis required to behave just as
we intuitively expect it to!

Note that the structure of⊢ precisely matches that of|= as it was presented in Def-
inition 30. Indeed, we may directly construct an entailmentsystem from an institution
as per the following example.

Example 32 Let I = (Sign,Sen,Mod,|=|=|=) denote some institution. Using the|= rela-
tion from Definition 30, we may construct an entailment system I + = (Sign,Sen, |=).
It is then trivially true that|= fulfill the list of criteria posed in Definition 42 and that
I + is an entailment system. 2

This result, albeit rather elegant, is not very useful in practice. We understand
the reason behind this by considering an important motivation as to why the syntactic
approach to satisfaction is of interest: It allows the possibility of mechanizing the proof
process. In particular it sometimes allows theefficientmechanization of the proof

2The notion of compact entailment systems is similar to the notionof compact topological spaces in
which each open cover has a finite subcover. See e.g. [22, 42].
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process. Certainly a highly desirable property. However, for an entailment system
constructed directly from logic semantics, as in Example 32, we have in general little
hope of easily finding such an efficient mechanization, or indeed any at all. This is
simply due to the possible—often unbounded—enormity of the set of axioms. For
this reason, the idea of compact entailment systems is quitedesirable as we are then
able to at least restrict the set of axioms to be finite which simplifies the proof process
somewhat.

We will occasionally consider all sentences derivable froma set of sentences, that
is, their closure under entailment. This will be done frequently enough to warrant the
special notation introduced in the following definition.

Definition 43 Let Γ be a set ofΣ-sentences. We may from it construct the set of
theoremsprovable fromΓ, denotedΓ•, by letting

Γ• = {ϕ | Γ ⊢ ϕ}.

2

Due to the reflexivity condition, we therefore have the relationshipΓ⊆Γ• ⊆Sen(Σ)
which may be illustrated in the context of a Venn diagram suchas the one shown in
Figure 4.2.

Sen(Σ)

Γ•

Γ

Figure 4.2: The relationship betweenΓ, Γ•, andSen(Σ).

4.3 Logics

Having defined both semantic and syntactic implication—using institutions and entail-
ment systems, respectively—we are now able to combine these two into the description
of a formallogic.

Definition 44 (Logics) A logic L is a quintupleL = (Sign,Sen,Mod,⊢,|=|=|=) such
that

(i) (Sign,Sen,⊢) is an entailment system;

(ii) (Sign,Sen,Mod,|=|=|=) is an institution; and
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(iii) the condition
Γ ⊢Σ ϕ =⇒ Γ |=Σ ϕ

holds for allΣ ∈ Ob(Sign), Γ ∈ P Sen(Σ), andϕ ∈ Sen(Σ).

The last condition is commonly called thesoundness condition. If the logic also fulfill
the stronger condition

Γ ⊢Σ ϕ ⇐⇒ Γ |=Σ ϕ

then it is said to becomplete. 2

Remark 13 The notion of soundness could equivalently be stated by requiring that
⊢Σ ⊆ |=Σ and similarly, if the logic is complete then⊢Σ = |=Σ holds for each signature
Σ ∈ Ob(Sign). 2

Informally, the soundness condition states that it is only possible to derive things
which are semantically true. This is of course an essential property for a logic to have,
being able to prove things which are semantically untrue would be quite chaotic! The
completeness condition adds the property that all semantically true sentences will also
be true under syntactic implication. This is a desirable property but many times not
entirely essential.

4.4 Theories

There are a few different—but closely related—ways of thinking about theories in this
context of logic. Common to them all is that we define a theory to be a set of sentences
together with the signature from which the sentences were constructed. The difference
in how theories are defined stem from the way this construction is defined. The fol-
lowing definition—which is close to identical with the one given in [31]—will be used
exclusively in this text.

Definition 45 (Theories) A theoryfor some entailment system or institution withSign
being its category of signatures andSen, its sentence functor, is a pairT = (Σ,Γ) such
that

– Σ ∈ Ob(Sign) is a signature, and

– Γ ⊆ Sen(Σ) is a set ofaxioms. 2

Remark 14 Recall that the notion of axioms also was introduced in the definition of
entailment systems. As will become apparent, the two notions are very closely related
and no confusion will arise from them both being referred to as “axioms”. 2

Two other definitions of theory deserve mentioning, they both let a theory be a sig-
nature combined with a set of sentences just as in Definition 45 but instead of limiting
this set of sentences to just the axioms, one states that it contains sentences closed un-
der entailment while the other states that the set of sentences consists of those which
are closed under satisfaction. This warrants the claim by Meseguer that the notion of
theory presented in Definition 45 could readily be called thepresentationof these two
more expansive theory concepts [31]. In defense of using Definition 45 as the basis for
theories, he states:



4.4. Theories 47

However, the view of theories as presentations allows us to make finer
distinctions that are important for both proof-theoretic and computational
purposes. We can, for example, distinguish between a sentence that is a
basic axiom and another that is a derived theorem.

As will become evident, these finer distinctions prove themselves to be quite useful
indeed.

To make this abstract notion of theory more concrete, we may consider the fol-
lowing two examples. Each example illustrates a possible theory based on signatures
defined in Chapter 3.

Example 33 Let ΣBOOL be the signature given in Example 13. A simple and intuitive
first order theoryTFoBool = (ΣBOOL,ΓFoBool) might then be such that

ΓFoBool = {True===¬False, (4.13)

True∧x===x, (4.14)

False∧x===False (4.15)

x∧x===x}. (4.16)

2

Example 34 Let ΣNATLIST be the signature given in Example 15 andX be an associated
family of variables withx∈ Xnat andy∈ Xnatlist. Then one possible equational theory
for this signature isTEqNatList= (ΣNATLIST ,ΓEqNatList) such that

ΓEqNatList= {Empty(Nil) = True, (4.17)

Empty(Cons(x,y)) = False, (4.18)

Head(Cons(x,y)) = x, and (4.19)

Tail(Cons(x,y)) = y} (4.20)

is the set of axioms.
Note that there is no axiom specifying the behavior ofHead(Nil) andTail(Nil),

this relates directly to the issue discussed in Remark 10. 2

Looking closer at Definition 45, we see that with the additionof morphisms, it is
possible to construct a category of theories. This categorywill now be defined.

Definition 46 (The category of theories)Let X denote an institution or entailment
system with signature categorySign and sentence functorSen. Then the category of
X -theories, sayTh, is such that Ob(Th) is the set of allX -theories and eachtheory

morphism (Σ,Γ)
µTh // (Σ′,Γ′) with Σ,Σ′ ∈ Ob(Sign), Γ ⊆ Sen(Σ), Γ′ ⊆ Sen(Σ′),

consists of a signature morphismΣ
µ // Σ′ such that

Γ′ ⊢Σ′ Sen(µ)(ϕ)

holds for eachϕ ∈ Γ. If µTh also fulfills the condition thatP Sen(µ)(Γ) ⊆ Γ′, that
is, axioms are mapped to axioms, then it is said to beaxiom-preserving. We letTh0
denote the subcategory ofTh containing the same objects but only axiom-preserving
morphisms. 2
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Figure 4.3 illustrates the difference between an axiom-preserving theory morphism,
µTh and a non axiom-preserving ditto,µ′Th. It may be argued that the condition of
axiom-preservation is quite strong, perhaps to strong, butthe very nice properties it has
will prove to be more valuable to us than its limitations. Besides, it is always possible
to reconstruct the complete set of derivable sentences by computing the closure of the
axioms under entailment.

Γ•

Γ
Γ′•

Γ′
µTh

µ′Th

Figure 4.3: Comparison of axiom-preserving and non axiom-preserving theory mor-
phisms, denotedµTh andµ′Th, respectively

Since a theory embeds its associated signature and the set ofaxioms, it is possible
to construct forgetful functors which given a theory extracts one or the other of these
components.

Definition 47 (The S and A functors) Let S : Th // Sign andA : Th // Set be
the forgetful functors taking a theory to its underlying signature and set of axioms,
respectively. That is, for some theory,T = (Σ,Γ) ∈ Ob(Th), we haveS(T) = Σ and
A(T) = Γ. 2

Finally, we will later find use for the following simple functor which given a signa-
ture yields the theory containing that signature but holds no axioms.

Definition 48 (The T functor) Let T : Sign // Th be the functor which for some
signatureΣ is such thatT (Σ) = (Σ,∅). 2

The notions regarding theories which have been presented throughout this section
will prove themselves useful when we now move towards a description on how en-
tailment systems and institutions may be extended to categories. We begin with the
category of entailment systems as its description is somewhat less complicated. Not
only is it less complicated, many of the concepts needed whendescribing the category
of entailment systems may be directly adopted in the description of the category of
institutions.

4.5 The Category of Entailment Systems

In Section 4.2, the notion of entailment systems was presented, at that point it was not
yet possible to define precisely how one moves from one entailment system to another.
This will now be rectified since the necessary foundations have been presented in the
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last few sections. Once the mapping of one entailment systemto another has been
covered—and we have established that these mappings are composable—it is finally
possible to formally state the definition of the category of entailment systems.

Recall that, somewhat informally, an entailment system consists of a description
of the syntax of a logic—in the form of signatures and sentences over them—together
with an entailment relation subject to certain conditions.Considering this, the overall
idea behind an map of entailment systems is then quite intuitive. The signatures and
sentence of the source logic has to be mapped to valid counterparts in the target logic.
This has to be done in such a way that a derivable sentence in the source logic becomes
a derivable sentence in the target logic. Naturally a sentence which is not derivable
in the source logic should be mapped to a similarly underivable sentence of the target
logic.

Beginning with the mapping of signatures, we may directly observe that it is, of
course, perfectly possible for the source and target entailment systems to use funda-
mentally different notions of signatures. By this is meant that the structure of their
respectiveSign categories may differ. It is therefore not simply a matter ofapply-
ing our trusty old notion of signature morphisms, instead weneed an appropriately
defined functor mapping theSign categories. For reasons which will become clear,
a simple map of signature categories will not suffice. Instead, the functor will act
on theories. Once the structure of this functor has been established, the mapping of
sentences must follow. That is, the logics’ respectiveSenfunctor must be mapped
in such a way that a valid sentence in the source logic is takento a valid sentence
in the target logic. Since this is a mapping of functors, a natural transformation is
needed. The described functor—which shall be denotedΦ—together with the natural
transformation—denotedα—will be sufficient for mapping entailment systems. As
per the description above,Φ andα must be such that the signatures and sentences are
translated correctly with respect to the relevant entailment relations.

We introduce the more formal treatment by a simple example, more specifically we
construct aΦ and anα which takes the entailment system of equational logic to the
entailment system of first-order logic.

Example 35 Let E Eq = (SignEq,SenEq,⊢Eq) denote the entailment system for many-
sorted equational logic and similarly letE

Fo = (SignFo,SenFo,⊢Fo) denote the en-
tailment system for many-sorted first order logic. As mentioned, we must map these
using a functorΦ and natural transformationα in such a way that entailment is pre-
served. That is, a map fromE Eq to E Fo must have the property that for each signature
Σ = (S,Ω) ∈ Ob(SignEq), Σ-equation(∀X) t = t ′, and set of axiomsΓ ∈ P SenEq(Σ),
it is the case that

Γ ⊢
Eq
Σ (∀X) t = t ′ =⇒ P α(Γ) ⊢Fo

SΦ(Σ,∅) α((∀X) t = t ′). (4.21)

Dissecting Eq. (4.21)—starting with the translation of equations into formulas—we
observe that this is rather easy to do this using anα defined such that

αΣ((∀X) t = t ′) = ((∀x1 : s1) . . . (∀xn : sn) t=== t ′)

wherexi ∈ varsi (t)∪ varsi (t
′), si ∈ S, and 0≤ i ≤ n. Nothing complex is occurring in

this translation, the equations are simply taken to their equivalent first order formula.
Shifting attention toΦ, one may ask why it is given a theory with no axioms as in-

put. The answer to this important question will be deferred to the discussion following
this example. Before then we consider howΦ must be defined. Recall from Eq. (4.7)
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that the signatures of equational and first order logic are identical. In other words, the
functorΦ should, given a theory, pass the signature on unaltered but change the axioms
to first order axioms using the same technique asα. That is,Φ(Σ,Γ) = (Σ,P αΣ(Γ))
andΦ(µTh)(Σ,Γ) = (Σ′,P αΣ′(Γ′)) for each theoryT = (Σ,Γ) and theory morphism
µTh : T // T ′ whereT ′ = (Σ′,Γ′). In Eq. (4.21), we therefore haveSΦ(Σ,∅) = Σ.

Thus, using the familiarΣNATBOOL signature, we consider the entailment relation
using the trivial but concrete equation and set of axioms

{x+y = y+x,(x≤ x+y) = True} ⊢Eq ( j ≤ k+ j) = True. (4.22)

After applying the previously definedΦ andα, Eq. (4.22) becomes the following equiv-
alent first order relation:

{(∀x : nat) (∀y : nat) x+y===y+x,(∀x : nat) (∀y : nat) (x≤ x+y)===True}

⊢Fo (∀ j : nat) (∀k : nat) ( j ≤ k+ j)===True.

2

The reason forΦ acting on the category of theories and not directly on signatures is
that this allows far more generality and power in our notion of maps of entailment sys-
tems. While this generality was not taken advantage of in Example 35—explaining the
empty set of axioms given toΦ—it is, for example, necessary in certain circumstances
to add further axioms to ensure the consistency of the map. Wewill see examples of
this shortly.

However, before then, the formal definition of maps of entailment systems will be
established. Following directly thereafter is a comprehensive informal explanation of
the notions involved.

Definition 49 (Map of entailment systems)Let

E = (Sign,Sen,⊢) andE
′ = (Sign′,Sen′,⊢′)

be two entailment systems. Then a map fromE to E ′ is a pair(Φ,α) : E // E ′ where

Th0
Φ // Th′0

is a functor from the category ofE -theories to the category ofE ′-theories, and

Sen
α // Sen′ ◦S ′ ◦Φ ◦T

is a natural transformation such that

(i) Φ maps theory signatures with no regard to axioms, that is,S ′Φ = S ′ΦT S ;

(ii) the theoriesΦ(Σ,Γ) andΦ(Σ,∅) are such that

(AΦ(Σ,Γ))• = (A ′Φ(Σ,∅)∪P αΣ(Γ))•; and

(iii) for eachΣ ∈ Ob(Sign),

Γ ⊢Σ ϕ =⇒ P αΣ(Γ)∪A ′Φ(Σ,∅) ⊢′
S ′Φ(Σ,∅) αΣ(ϕ). (4.23)
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We say that the map(Φ,α) is conservativeif instead of 49(iii), the stronger condition

Γ ⊢Σ ϕ ⇐⇒ P αΣ(Γ)∪AΦ(Σ,∅) ⊢′
SΦ(Σ,∅) αΣ(ϕ)

holds. 2

Definition 49 is not quite as complicated as it seems but care should be taken to
not miss any details. Going through the conditions one by onewe observe that Condi-
tion 49(i) requires the functorΦ to be such that theories with the same signature will
be mapped to theories with the same signature. In other words, the output signature is
uniquely defined by the input signature regardless of the particular axioms involved.

Condition 49(ii) states that the closure under entailment of the axioms translated by
α together with the axioms introduced byΦ matches the corresponding closure under
entailment of the axioms of the target logic. Put simply,α andΦ must be in agreement
about which logic they are mapping to. A functor upholding conditions 49(i) and 49(ii)
is said to beα-sensible.

Finally, condition 49(iii) states thatΦ andα must be such that they together map
signatures and sentences in a manner consistent with the logics’ respective entailment
relations. That is, the provability of the mapped sentence in the target logic must ex-
actly reflect the provability of the corresponding sentencein the source logic. This
condition could therefore be equivalently stated by requiring that

ϕ ∈ Γ• =⇒ αΣ(ϕ) ∈ (AΦ(Σ,∅)∪P αΣ(Γ))• (4.24)

holds and in practice this condition is often easier to work with—however, it is perhaps
not as intuitive as the one given in Eq. (4.23).

Let us make the definition more concrete by considering a simple, but interesting,
example of a map of entailment systems. This example constructs the map from an
entailment system to its closure under entailment.

Example 36 Let E = (Sign,Sen,⊢) be an entailment system, we may then form a
map of entailment systems(E, idSen) : E // E whereE : Th0 // Th0 is a functor
such that for someE -theoryT = (Σ,Γ), E(T) is the theoryE(T) = (Σ,Γ•) and idSenis
the obvious identity natural transformation.

Illustrating this map in the context of Eq. (4.23) gives for eachΣ ∈ Ob(Sign)

Γ ⊢Σ ϕ =⇒ Γ• ⊢Σ ϕ,

that is, the set of axioms is expanded to contain all provablesentences. It is easy to
see that this map is actually conservative, that is, it is possible to change the logical
implication to a logical equivalence. 2

It has been shown how maps of entailment systems are constructed, it remains to
show that these maps are composable. The composition given in the following defini-
tion is rather elegant in its intuitive nature.

Definition 50 (Composition of maps of entailment systems)Let (Φ,α) : E // E ′

and(Φ′,α′) : E ′ // E ′′ be maps of entailment systems, then the composed map

(Φ′,α′) ◦ (Φ,α) : E // E ′′

is defined by
(Φ′,α′) ◦ (Φ,α) = (Φ′ ◦Φ,α′

S ′ΦT
◦α). (4.25)

2



52 Chapter 4. Logic Using Categories

Of course, we also have to show that this composition is, itself, a map of entailment
systems. In order to do this we will need a simple lemma.

Lemma 2 Let (Φ,α) : E // E ′, with E = (Sign,Sen,⊢), be a map of entailment
systems. Then, for eachΣ ∈ Ob(Sign), Γ,∆ ∈ P Sen(Σ), andϕ ∈ Sen(Σ), the implica-
tion

Γ∪∆ ⊢Σ ϕ =⇒ P αΣ(Γ)∪AΦ(Σ,∆) ⊢′
SΦ(Σ,∆) αΣ(ϕ) (4.26)

holds. Further, if(Φ,α) is conservative then the two sides are equivalent. 2

PROOF Expressing Eq. (4.26) in the style of Eq. (4.24) gives

ϕ ∈ (Γ∪∆)• =⇒ αΣ(ϕ) ∈ (AΦ(Σ,∆)∪P αΣ(Γ))• (4.27)

and this is the statement we wish to prove. In essence, the result follows directly from
the conditions in Definition 49. We know, since(Φ,α) is a map of entailment systems,
that

ϕ ∈ (Γ∪∆)• =⇒ αΣ(ϕ) ∈ (AΦ(Σ,∅)∪P αΣ(Γ∪∆))• (4.28)

Simple derivation gives

(AΦ(Σ,∅)∪P αΣ(Γ∪∆))•

= αΣ(ϕ) ∈ (AΦ(Σ,∅)∪P αΣ(Γ)∪P αΣ(∆))•

= αΣ(ϕ) ∈ (AΦ(Σ,∆)∪P αΣ(Γ))• by Definition 49(ii).

Which when inserted in Eq. (4.28) gives exactly Eq. (4.27) which was the sentence to
prove. The proof for equivalence is analogous. �

In short, the above lemma states that we may move axioms arbitrarily between the
application ofα and the application ofΦ with no risk of altering the entailment relation.
As can be imagined, this is a very useful property and it will be taken advantage of in
the proof of the proposition that follows.

Proposition 9 The composition of entailment systems as given in Definition50 is itself
a map of entailment systems. 2

PROOF Let (Φ,α) : E // E ′ and(Φ′,α′) : E ′ // E ′′ be maps of entailment systems
and let(Φ◦,α◦) denote the composition(Φ′,α′) ◦ (Φ,α) : E // E ′′, that is,Φ◦ =
Φ′ ◦Φ andα◦ = α′

S ′ΦT
◦α. To prove the lemma, we wish to show that the conditions

of placed on maps of entailment systems are upheld. These areshown in turn.

– Condition 49(i) follows directly from the fact thatΦ andΦ′ follow 49(i). Thus,
we get the derivation

S ′′Φ◦ = S ′′Φ′Φ = S ′′Φ′T ′S ′Φ = S ′′Φ′T ′S ′ΦT S = S ′′Φ′ΦT S = S ′′Φ◦T S .

– Similarly, that 49(ii) holds forΦ◦ follows from the fact that it holds forΦ andΦ′.
Let Φ(Σ,∅) = (Σ′,∅′). Using the identitiesP ( f ◦g) = P f ◦P g andS ′ΦT Σ = Σ′

as well as Lemma 2 we find that

(AΦ◦(Σ,∅)∪P α◦
Σ(Γ))• = (AΦ′Φ(Σ,∅)∪P (α′

Σ′ ◦αΣ)(Γ))•

= (AΦ′(Σ′,∅′)∪P α′
Σ′(P αΣ(Γ)))•

= (AΦ′(Σ′,P αΣ(Γ)∪∅
′))• by Lemma 2

= (AΦ′Φ(Σ,Γ))•

= (AΦ◦(Σ,Γ))•.
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– Condition 49(iii), when rewritten as per Eq. (4.24) becomes

ϕ ∈ Γ• =⇒ α◦
Σ(ϕ) ∈ (AΦ◦(Σ,∅)∪P α◦

Σ(Γ))•.

Given Φ(Σ,∅) = (Σ′,∅′), then when expanded further and rewritten slightly
using the same technique as above we get the equivalent statement

ϕ ∈ Γ• =⇒ α′
Σ′(αΣ(ϕ)) ∈ (AΦ′(Σ′,∅)∪P α′

Σ′(P αΣ(Γ)∪∅
′))•.

Since both(Φ,α) and(Φ′,α′) are maps of entailment systems it follows directly
that this implication hold.

Thus,Φ◦ andα◦ are in compliance with the conditions of Definition 49 and subse-
quently,(Φ◦,α◦) = (Φ′,α′) ◦ (Φ,α) is a map of entailment systems. �

Remark 15 In addition to the above result, it is not difficult to see thatthe composi-
tion of two conservative maps of entailment systems is itself conservative. Neither is
it hard to see that the composition of maps entailment systemis associative—it fol-
lows from the associativity of functor composition and vertical composition of natural
transformations, respectively. 2

These results regarding the composition of entailment system maps were the final
brick needed in the construction of the category of entailment systems. It is now a
simple matter to collect these bricks into the following trivial definition:

Definition 51 (The category of entailment systems)Let Ent denote the category of
entailment systems. Its objects are all entailment systemsas presented in Definition 42
and its morphisms are maps of entailment systems as presented in Definition 49. 2

This concludes the treatment of the category of entailment systems, we will now
look at the corresponding category for institutions.

4.6 The Category of Institutions

Recall from Section 4.1 that an institution contains structures representing both the
syntax of a logic and its model-theoretic aspects. That is, not only does amap of insti-
tutionshave to translate sentences and signatures, it is also required to translate models.
Fortunately, the mapping of a logic’s syntactic aspects hasalready been covered in the
description of maps of entailment systems and as will be shown, it is possible to directly
adopt these ideas in the institution case.

Informally, the mapping of a logic’s model-theoretic aspects must be such that the
invariance of truth is guaranteed. Obviously, it is desirable to avoid maps which take
a model with one semantics to a model with a completely different semantics! Note
that this will be a map between twoMod functors, that is, a natural transformation
is called for. Additionally, similar to howMod maps models in reverse, our natural
transformation will map theMod functors in reverse. The underlying reason for this is
the same as the previously discussed reason why theMod functor maps models in the
reverse direction, that is, we wish to avoid ending up in inconsistent situations. The
natural transformation which will perform this task shall be denotedβ.

First, the formal definition will be given then a few concreteexamples will illustrate
the mechanics of this map.
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Definition 52 (Map of institutions) Let

I = (Sign,Sen,Mod,|=|=|=) andI
′ = (Sign′,Sen′,Mod′,|=|=|=′)

be two institutions. Then a map fromI to I ′ is a triple(Φ,α,β) : I // I ′ where

Th0
Φ // Th′0

is anα-sensible functor from the category ofI -theories to the category ofI ′-theories,
and the natural transformations

Sen
α // Sen′ ◦S ′ ◦Φ ◦T and Mod′ ◦S ′ ◦Φ ◦T

β // Mod

are such that the condition

M′ |=|=|=′
Σ′ αΣ(ϕ) ⇐⇒ βΣ(M′)|=|=|=Σ ϕ (4.29)

hold for eachΣ ∈ Ob(Sign), ϕ ∈ Sen(Σ), andM′ ∈ Mod′(Σ′) with Σ′ = S ′ΦT (Σ). 2

Remark 16 Recall that anα-sensible functor is such that conditions 49(i) and 49(ii)
are upheld. In other words, these conditions are implicitlyrequired for the map of
institutions as well. 2

Remark 17 Note that theΦ functor in the above definition actually does more work
than is required. It is easy to see that all which is really needed for the map of insti-
tutions is a functor between the respective signature category of the institutions. How-
ever, by using a functor between the categories of theories instead, the extension to a
map of logics will be very natural. This will become clear in Section 4.7. 2

As a first concrete example of this type of mapping, we may consider the institu-
tionsI Eq andI Fo as presented in Section 4.1.1 and Section 4.1.2, respectively.

Example 37 We have in Example 35 already constructed the map between theen-
tailment systemsE Eq andE

Fo. Let Φ andα be as defined in that example. It is now
interesting to see whether—given an appropriateβ—the map(Φ,α,β) : I Eq // I Fo

is a map of institutions. This is definitely the case and sincewe in Definition 39 fixed
ModFo to be precisely the same asModEq, that is,β is nothing more than the identity
natural transformation!

As a concrete example, letA be the classic algebra for the signatureΣNATBOOLhav-
ing X as its associated family of variables. It is then easy to see using the equational and
first order satisfaction relations—given in Definition 34 and40—that for the equation
(∀X) x = x∗Succ(0), x∈ Xnat, and first order formula

αΣNATBOOL((∀X) x = x∗Succ(0)) = (∀x : nat) x===x∗Succ(0),

we have, just as expected,

A|=|=|=Eq(∀X) x = x∗Succ(0) ⇐⇒ A|=|=|=Fo(∀x : nat) x = x∗Succ(0).

2
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Let us consider a more interesting mapping, namely the one from the many-sorted
equational institution,I Eq, to its unsorted variant. This type of map is by its nature
lossy, that is, some of the structure of the many-sorted institution will be lost. How-
ever, that it is at all possible to define this type of map is in of itself interesting—and
sometimes quite useful as will be briefly discussed in Chapter 6. Only a short informal
description of the unsorted equational institution will begiven as its structure is quite
simple and its use will become obvious from the example that follow. First, let

I
1Eq = (Sign1Eq,Sen1Eq,Mod1Eq,|=|=|=1Eq)

be this institution. Then a signatureΠ ∈ Ob(Sign1Eq) is a family of operations in-
dexed by a natural number which indicates the operation arity, it may of course have
an associatedsetof variables—see Remark 8. The sentences are equations of unsorted
and unquantified terms, that is, the set of variables does nothave to be mentioned in
the equation. The models are unsorted algebras where an algebraA∈ Ob(Mod1Eq(Π))
consists of a single carrier set,A, and for each operationω ∈ (Πn)n∈N, a function
Aω : An // A, whereAn is making use of the familiar notation where

An = A×A× . . .×A
︸ ︷︷ ︸

n times

.

Finally, using the obvious inductive definition of the evaluation functionA(v), the sat-
isfaction relation is such that

A|=|=|=1Eq
Π t = t ′ ⇐⇒ A(v)(t) = A(v)(t ′)

hold for each unsorted signatureΠ, equation(t = t ′) ∈ Sen1Eq(Π), unsorted algebra
A∈ Ob(Mod1Eq(Π), and variable assignmentv : X // A.

Example 38 Put shortly, the map to describe is(Φ,α,β) : I Eq // I 1Eq. Let ThEq
0

denote the category of many-sorted equational theories and, similarly, letTh1Eq
0 denote

the category of unsorted equational theories. Then the functor Φ : ThEq
0

// Th1Eq
0 is

such that
Φ((S,Ω),Γ) = (Π,P α(S,Ω)(Γ)),

where an operationω ∈ Πn if (ω,s1, . . . ,sn,s) ∈ Ω for somes,s1, . . . ,sn ∈ Sandn∈ N,
in other words, the sorts which are operated upon are forgotten and only the operation
name and rank is retained. The natural transformationα : SenEq // Sen1EqS1EqΦT Eq

is such that for each many-sorted equation(∀X) t = t ′,

α(S,Ω)((∀X) t = t ′) = (u = u′)

whereu,u′ are the same ast, t ′ but with operations replaced by their unsorted counter-
parts. Finally, the natural transformationβ : Mod1EqS1EqΦT Eq // ModEq is such
that, given any many-sorted signatureΣ = (S,Ω)∈Ob(SignEq) and corresponding un-
sorted signatureΠ = S1EqΦT Eq(Σ), there is for eachΠ-algebraA an associated many-
sorted algebraA′ = βΣ(A). This algebra has for eachs∈ S, the carrier setA′(s) = A.
Additionally, for each functionAω : An // Aand operationω : s1× . . .×sn // s∈Ω,
s,s1, . . . ,sn ∈ S, n∈ N, the functionA′(ω) : A′(s1)× . . .×A′(sn) // A′(s) is such that
A′(ω) = Aω. From this construction it directly follows that

A|=|=|=1Eq
Π αΣ(ϕ) ⇐⇒ βΣ(A)|=|=|=

Eq
Σ ϕ.
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To make the example more concrete, consider the many-sortedsignature

Σ = ({nat,bool},{0 : // nat,Succ: nat // nat, IsZero: nat // bool})

and the many-sorted equationϕ = ((∀X) x = Succ(Succ(x))). Finally, let the unsorted
algebraA be such thatA = {,,/}, A0 = /, AIsZero(x) = ,, and

ASucc(x) =

{

, if x = /

/ if x = ,.

Then, following the description above, we haveΦ(Σ,Γ) = (Π,P αΣ(Γ)) for each set of
axiomsΓ ∈ P SenEq(Σ) and whereΠ is such that 0∈ Π0, Succ∈ Π1, andIsZero∈ Π1.
Further,αΣ(ϕ) = (x = Succ(Succ(x))) andA′ = βΣ(A) is such that

A′(nat) = {,,/}

A′(bool) = {,,/}

A′(0 : // nat) = /

A′(IsZero: nat // bool)(x) = ,

A′(Succ: nat // nat)(x) =

{

, if x = /

/ if x = ,.

Is it now the case that

A|=|=|=1Eq
Π x = Succ(Succ(x)) ⇐⇒ A′ |=|=|=

Eq
Σ (∀X) x = Succ(Succ(x)) (4.30)

holds? Since there are only two possible assignments for thevariablex, it is easy to
check each possibility. Ifv : X // A, x∈ Xnat, andv(x) = ,, then

A(v)(x) = , = Succ(/) = Succ(Succ(,)) = A(v)(Succ(Succ(x))).

Dually, if v(x) = /, then

A(v)(x) = / = Succ(,) = Succ(Succ(/)) = A(v)(Succ(Succ(x))).

In other words, the left-hand side of the equivalence in Eq. (4.30) is true in each case.
By performing a similar check of the right-hand side we will find that it also is true in
both possible cases. Subsequently, we conclude that Eq. (4.30) holds. 2

As an interesting alternative to the previous example, we may consider the reverse
map. That is, the map from the unsorted equational logic to its many-sorted counter-
part. To show the structure of this map, a brief description is provided in the following
example.

Example 39 The map in question is(Φ,α,β) : I 1Eq // I Eq and it is simply such
thatΦ(Π,Γ) = (Σ,P αΠ(Γ)) where, using a newly introduced sorts,

Σ = ({s},{ω : sn // s | ω ∈ Πn,n∈ N}).

For some unsorted signature with associated set of variables X we let αΠ(t = t ′) =
((∀Y) u = u′) for each(t = t ′) ∈ Sen1Eq(Π) and whereYu = X andu,u′ are identical
to t, t ′ but with each unsorted operation exchanged to its many-sorted namesake. Fi-
nally, given some unsorted signatureΠ, the natural transformationβ is such that for
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any many-sortedΣ-algebraA with Σ = SEqΦT 1Eq(Π), A′ = βΠ(A) is an unsortedΠ-
algebra such thatA′ = A(s) and having for each functionA(ω) : A(s)n // A(s), the
functionA′

ω : A′n // A′ defined byA′
ω = A(ω). From this construction we then have

A|=|=|=Eq
Σ αΠ(ϕ) ⇐⇒ βΠ(A)|=|=|=

1Eq
Π ϕ.

To conclude the example, we show thatβ is a natural transformation. That is, that the
diagram

Π′

Π

µ

��
ModEqSEqΦT 1EqΠ′ Mod1EqΠ′

βΠ′

//

ModEqSEqΦT 1EqΠ

ModEqSEqΦT 1EqΠ′

ModEqSEqΦT 1Eqµ

��

ModEqSEqΦT 1EqΠ Mod1EqΠ
βΠ // Mod1EqΠ

Mod1EqΠ′

Mod1Eqµ

��

commutes, or stated equivalently, that

Mod1Eqµ◦βΠ = βΠ′ ◦ModEqSEqΦT 1Eqµ (4.31)

holds. Hereµ : Π′ // Π is a map of unsorted signatures and have the obvious seman-
tics, that is, each operationω ∈ Π′

n, n∈ N, is mapped to the operationµ(ω) ∈ Πn. Let
A be some many-sorted algebra constructed fromΠ as per the earlier description. Then
expansion of the left-hand side of Eq. (4.31) yield

Mod1Eq(µ)(βΠ(A)) = Mod1Eq(µ)(A′) = A′′

whereA′ is the unsortedΠ-algebra as computed byβΠ. Using the intuitive definition
of Mod1Eq(µ) we then haveA(s) = A′ = A′′ andA(ω) = A′

ω = A′′
µ(ω) for each operation

ω ∈ Π′. Turning our attention to the right-hand side of Eq. (4.31) we find—using
µ′ = SEqΦT 1Eqµ—that

βΠ′(ModEq(SEqΦT 1Eqµ)(A)) = βΠ′(ModEq(µ′)(A)) = βΠ′(B′) = B′′.

The intuitive definition ofΦ gives aµ′ such thatµ′Ω(ω : sn // s) = µ(ω) : sn // sand
µ′S(s) = s. Together withβΠ′ , it givesA(s) = B′(s) = B′′ andA(ω) = B′(µ(ω)) = B′′

µ(ω),

respectively. That is,A′′ = B′′ and we have therefore shown that Eq. (4.31) holds and
by extension shown thatβ is a natural transformation. 2

Recall Example 32 where the entailment system of an institution was presented.
There,I + denoted the entailment system constructed from the institution I . It is also
possible to expand this notion to establish a connection between maps of institutions
and a map of their corresponding entailment systems. The following proposition details
this concept. The proof will not be given here, instead the interested reader is referred
to [31].

Proposition 10 Let (Φ,α,β) : I // I ′ be a map between the institutionsI and
I ′. Then(Φ,α) : I + // I ′+ is a map of the entailment systems constructed as per
Example 32. 2

PROOF See [31] �
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Just as in the case of maps of entailment systems, we have to define how maps of
institutions are composed. Other than the fact thatβ maps model functors in reverse,
no surprises are introduced.

Definition 53 (Composition of maps of institutions) Let

(Φ,α,β) : I // I ′ and(Φ′,α′,β′) : I
′ // I ′′

be maps of institutions, then their composition

(Φ′,α′,β′) ◦ (Φ,α,β) : I // I ′′

is such that
(Φ′,α′,β′) ◦ (Φ,α,β) = (Φ′ ◦Φ,α′

S ′ΦT
◦α,β ◦β′

S ′ΦT ). (4.32)

2

Proposition 11 The composition of institutions as given in Definition 53 is itself a map
of institutions. 2

PROOF Let (Φ,α,β) : I // I ′ and(Φ′,α′,β′) : I ′ // I ′′ be maps of institutions
and let(Φ◦,α◦,β◦) denote the composition(Φ′,α′,β′) ◦ (Φ,α,β) : I // I ′′, that is,
Φ◦ = Φ′ ◦Φ, α◦ = α′

S ′ΦT
◦α, andβ◦ = β ◦β′

S ′ΦT
.

That the composed functorΦ◦ is α◦-sensible is shown much like in Proposition 9
so that part will be omitted. Instead, we will concentrate onproving that the composed
map fulfill the condition given in Eq. (4.29), that is, we wishto show that

M′′ |=|=|=Σ′′ α◦
Σ(ϕ) ⇐⇒ β◦

Σ(M′′)|=|=|=Σ ϕ

holds for eachM′′ ∈ Mod′′(Σ′′), Σ ∈ Ob(Sign), andϕ ∈ Sen(Σ) with Σ′ = S ′ΦT (Σ)
andΣ′′ = S ′′Φ′T ′(Σ′). To show this is easy since we know that(Φ,α,β) and(Φ′,α′,β′)
are maps of institutions. Thus, the derivation

M′′ |=|=|=′′
Σ′′ α◦

Σ(ϕ) ⇐⇒ M′′ |=|=|=′′
Σ′′ αΣ′(αΣ(ϕ))

⇐⇒ β′
Σ′(M′′)|=|=|=′

Σ′ αΣ(ϕ)

⇐⇒ βΣ(β′
Σ′(M′′))|=|=|=Σ ϕ

⇐⇒ β◦
Σ(M′′)|=|=|=Σ ϕ

establishes the validity of Proposition 11. �

Just as in the composition of maps of entailment systems, associativity follows
directly from the properties of functors and natural transformations. All necessary
groundwork has therefore been performed and it is now possible to define the category
of institutions in a simple manner.

Definition 54 (The category of institutions) Let Inst denote the category of institu-
tions. Its objects are all institutions as presented in Definition 29 and its morphisms are
maps of institutions as presented in Definition 52. 2

As is remarked in [31], this is not the only possible way to define this category. In
e.g. [17], an alternative—but very similar—construction forinstitution morphisms is
presented. The one given here follows Meseguers description and as he states: “In this
presentation, I have favored the notion of a map of institutions because it fits well many
natural examples and permits flexible ways of mapping theories.”
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4.7 The Category of Logics

Very similar to how a logic was the combination of an institution and an entailment sys-
tem, a map of logics is a combination of a map of institutions and a map of entailment
systems. This may be formally described in the following, simple, way.

Definition 55 (Map of logics) Let

L = (Sign,Sen,Mod,⊢,|=|=|=) andL
′ = (Sign′,Sen′,Mod′,⊢′,|=|=|=′)

be two logics, then amap of logicsis a triple(Φ,α,β) : L // L ′ such that

(Φ,α,β) : (Sign,Sen,Mod,|=|=|=) // (Sign′,Sen′,Mod′,|=|=|=′)

is a map of the underlying institutions, and

(Φ,α) : (Sign,Sen,⊢) // (Sign′,Sen′,⊢′)

is a map of the underlying entailment systems. 2

We have already defined a map of logics throughout the two previous sections. It
is therefore a simple matter of combining these into a singleexample.

Example 40 Let L Eq and L Fo be the logics of many-sorted equational logic and
many-sorted first order logic, respectively. Then(Φ,α,β) : L Eq // L Fo is a map
between these logics whereΦ, α, andβ are as given in Example 35 and Example 37.2

As a further example, the interested reader may wish to confirm that the institution
maps of Example 38 and 39 actually may be expanded to maps of logics. Finally, to
conclude the section, we will of course define the category oflogics.

Definition 56 (The category of logics)Let Log denote the category of logics. Its ob-
jects are all logics as presented in Definition 44 and it has asmorphisms maps of logics
as they were given in Definition 55. 2

4.8 Proof Calculi and Logical Systems

As previously mentioned, we describe the proof structure, or proof calculi, separately
from syntactic implication. The reasons for this abstraction will be clarified in this sec-
tion and from it, a pleasantly general definition of proof calculi will be derived. Making
a long story short, the underlying reason for not grafting a proof calculi onto the entail-
ment relation directly is that doing so would necessarily bind us to that particular proof
calculi. This is a limitation since there may exist several different proof calculi which
yield the same logic. Further, these proof calculi may have properties which make
a calculi ideal in one situation but less suited for some other situation. A logic well
known for having multiple calculi is first order logic, wherenatural deduction, several
other so-called sequent styled calculi, and the Hilbert styled calculi give precisely the
same logic but whose proof process differ in crucial details. And these are only a few
examples, several other proof calculi are possible for firstorder logic, see e.g. [33].

The advantage of separating entailment and proof calculi istherefore evident; we
are able to choose the proof process most advantageous for our particular purpose.
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Once a proof calculi has been chosen and combined with a logic, the resulting structure
is known as alogical system.

The formal definition which follows is rather abstract, the strength of this is that it
allows the encoding of a wide range of different notions of proof calculi. The negative
consequence is that it becomes harder to grasp the underlying concept which is not as
complex as it might seem. To help make these underlying concepts more apparent, two
detailed examples of proof calculi will be given, one for equational and one for first
order logic. In the first order case, the natural deduction calculi mentioned above will
be described.

Definition 57 (Proof calculi) A proof calculus is a sixtuple

P = (Sign,Sen,⊢,P,Pr,π)

such that

(i) (Sign,Sen,⊢) is an entailment system;

(ii) P : Th0 // Struct is a functor taking theories toproof-theoretic structures;

(iii) Pr : Struct // Set is a functor such that for a theoryT ∈ Ob(Th0), the set
PrPT is theset of proofs forT; and

(iv) π : Pr ◦ P // Sen◦ S is a natural transformation such that the image of the
morphismπT : PrPT // SenST, for some theoryT = (Σ,Γ), is the setΓ•. 2

Remark 18 As the reader with no doubt noticed, a key element for why the formal
definition of proof calculi is so abstract is the introduction of yet another category,
Struct, which is the category of proof-theoretic structures. It iswell worth mentioning
that the lack of detail about the actual structure of this category is not a mistake. In fact,
this is the key to the abstract power of this categorized notion of proof calculi! 2

As previously mentioned, when a logic is given a specific proof calculus the com-
bined result is known as a logical system. The definition is straight-forward.

Definition 58 (Logical systems)A logical system,S , is an 8-tuple

S = (Sign,Sen,Mod,⊢,|=|=|=,P,Pr,π)

where

(i) (Sign,Sen,Mod,⊢,|=|=|=) is a logic and

(ii) (Sign,Sen,⊢,P,Pr,π) is a proof calculus. 2

While a proof calculus by itself is not directly suited for efficient implementation
it does, however, provide the basis for more efficient representations. In particular the
notion of proof calculi may be extended to a structure known as effective proof sub-
calculi, this structure is described and used in [31] as a foundationin the formalization
of logic programming. Effective proof subcalculi will not be covered in this thesis but
in short it adds to a logic certain restrictions on for example the axioms the logic may
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possess and the conclusions one may prove from these axioms.Of course, these limita-
tions should fulfill certain requirements in order to ensurethat the power of the calculi
is not compromised to the point where its usefulness vanishes.

Closing the topic of proof calculi and logical systems, two detailed examples of
concrete proof calculi will be given. As before, the logics chosen for the examples are
the familiar many-sorted equational and first order logics.For equational logic, a proof
calculi will be constructed on the basis of so-called equational deduction. Similarly,
for first order logic, natural deduction will form the basis of its notion of proof calculi
given. For both equational and natural deduction, a brief general description will be
given in order to recall the basic notions required. As mentioned before—but well
worth repeating—these two notions of calculi are not the onlyones possible for their
respective logic. Other possibilities exist, each with their strengths and weaknesses.

Before tackling the examples, we will first informally recall the notion ofinference
rulesas well as how they are applied—for a more thorough treatment of these notions
please see e.g. [33]. An inference rule for some signatureΣ and sentence functorSenis
simply a subset of(Sen(Σ))n×Sen(Σ) wheren∈N. Consider for example the inference
rule

{((ϕ1, . . . ,ϕn),ϕ) | conditions}

or as it is typically written;

ϕ1 . . . ϕn

ϕ
conditions. (4.33)

Informally, the inference rule of Eq. (4.33) states that, given a theoryT = (Σ,Γ), if the
entailment relation is such thatΓ ⊢Σ ϕ1, . . . ,Γ ⊢Σ ϕn then we may—provided the given
conditions are satisfied—draw the conclusion that alsoΓ ⊢Σ ϕ hold. In the special case
wheren= 0 we simply have the inference rule((),ϕ) for someϕ ∈ Sen(Σ). Of course,
this rule may also be written

ϕ
conditions (4.34)

in the commonly used notation. Note that for an empty inference rule—such as in
Eq. (4.34)—the sentenceϕ will always hold and in essence, this causesϕ to become
a concrete axiom in the logic, one which is specific for the particular proof calculi to
which it belongs.

With inference rules added to our bag of tools, we may proceedto the examples.
The following subsection contains the example covering equational logic and the sub-
section that follows it will describe a proof calculi for first order logic.

4.8.1 Proof Calculi for Equational Logic

We are now able to describe one possible proof calculus for equational logic. As men-
tioned, this calculus will be based on so-called equationaldeduction which here will
be somewhat extended in order to manage the added difficulty of many-sorted signa-
tures. For a thorough introduction to these notions see e.g.[23]. First we need to
establish what equational deduction is: Equational deduction is a rather uncomplicated
means of determining syntactic implication using five inference rules. These are, for
each equational signatureΣ = (S,Ω) with associated families of variablesX andY, as
follows:

(∀X) t = t
t ∈ TΣX (4.35)
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which informally states that a term is always equal to itself, in other words, equality is
reflexive—note that this rule will also act as an axiom in the calculus;

(∀X) t = u
(∀X) u = t

t,u∈ TΣX, (4.36)

that is, equality is symmetric;

(∀X) t = u, (∀X) u = v
(∀X) t = v

t,u,v∈ TΣX, (4.37)

that is, equality is transitive;

(∀X) t = u
(∀Y) tσ = uσ

t,u∈ TΣX,σ : X // TΣY, (4.38)

whereσ is a substitution—we say that equality has thesubstitution property; and finally

(∀X) t1 = t ′1, . . . ,(∀X) tn = t ′n
(∀X) uσ = uτ

t1, . . . , tn, t ′1, . . . , t
′
n ∈ TΣX,

n≥ 1,u∈ TΣY, and
σ,τ : X // TΣY where either
σ(y) = τ(y) or σ(y) = ti ,τ(y) = t ′i
for all y∈Y,1≤ i ≤ n

(4.39)

which states that equality uphold the so-calledcongruence property. These inference
rules are fairly straight-forward—even Eq. (4.39) which informally states that substi-
tuting variables by equivalent terms is acceptable.

Using this notion of equational deduction, we shall now construct the sought after
proof calculus which will be denoted

P
Eq = (SignEq,SenEq,⊢Eq,PEq,PrEq,πEq).

In order for the definition to be general with regards to signature, we simply state
that (SignEq,SenEq,⊢Eq) representssomeequational entailment system, that is, the
specifics of the⊢Eq-relation is left undefined. It remains to show the appearance ofPEq,
PrEq, andπEq. First, letPEq : Th0 // Cat be a functor taking a functorT = (Σ,Γ)
with associated family ofΣ-variablesX to the categoryPEq(T) having

Ob(PEq(T)) = TΣX

and for eacht, t ′ ∈ TΣX,

HomPEq(T)(t, t
′) = {ϕ1, . . . ,ϕn | n≥ 1 andϕ1, . . . ,ϕn is aderivation

sequencewith ϕn = ((∀X) t = t ′)}.
(4.40)

By ϕ1, . . . ,ϕn being a derivation sequence is meant that for eachϕi , 1≤ i ≤ n, it is
the case that eitherϕi ∈ Γ or there exists an inference rule having as an element,
((ϕ j1, . . . ,ϕ jm),ϕi) where j1, . . . , jm < i andm≥ 0. The following brief example il-
lustrates a concrete morphism in a category constructed by thePEq functor.

Example 41 UsingΣNATLIST with associated family of variablesX′ and using as set of
axioms,ΓEqNatList from Example 34, we may consider the equation

(∀X′) Empty(Tail(Cons(x′,Nil))) = Empty(Nil).
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This equation will inPEq(TEqNatList) be represented by a morphism having the appear-
ance

Empty(Tail(Cons(x′,Nil)))
ϕ1,ϕ2 // Empty(Nil)

where
ϕ1 = ((∀X) Empty(Tail(Cons(x,y))) = Empty(y))

follows from the inference rule of Eq. (4.39) withu = Empty(z) and the substitutions
σ(z) = Tail(Cons(x,y)), τ(z) = y, taking advantage of the axiom in Eq. (4.20); and
where

ϕ2 = ((∀X′) Empty(Tail(Cons(x′,Nil))) = Empty(Nil))

follows fromϕ1 using inference rule Eq. (4.38) withσ : X // TΣX′ such thatσ(x) = x′

andσ(y) = Nil . 2

It is easy to convince oneself that morphism composition in this category is nothing
more than concatenation of the derivation sequences. Note that the inference rules of
Eq. (4.35), Eq. (4.36), and Eq. (4.37) are represented directly in the structure of this
category. That is, the reflexivity rule is represented by theidentity morphisms. The
symmetry rule states that all morphisms inPEq(T), for some theoryT, are isomorphic.
Finally, the transitivity rule is directly represented by morphism composition.

Having specified thePEq functor, thePrEq : Cat // Set functor is given the
uncomplicated definition where

PrEq(PEq(T)) = {(X, t, p, t ′) | p∈ HomPEq(T)(t, t
′), t, t ′ ∈ TΣX} (4.41)

for each theoryT = (Σ,Γ) having associated family of variablesX. Informally, this
states thatPrEqPEqT is the set of all equations provable from the theoryT including
their proof. Subsequently,πEq : PrEq◦PEq // SenEq◦Ssimply projects the equation
from these triples, that is,

πEq
T (X, t, p, t ′) = ((∀X) t = t ′)

for each(X, t, p, t ′) ∈ Ob(PrEqPEqT). In other words,πEq, forgets the proof and only
remembers the proven equation. Of course, it is required to establish thatπEq really is
a natural transformation, this is done in the following proposition.

Proposition 12 Let πEq : PrEqPEq // SenEqS be as given above, thenπEq is a natu-
ral transformation. 2

PROOF For simplicity, let in this proofSen= SenEq, P= PEq, Pr = PrEq, andπ = πEq.
Then following the usual procedure, to show thatπ is a natural transformation, it is
required to show that the diagram

T

U

µTh

��
PrPU SenSUπ

//

PrPT

PrPU

PrPµTh

��

PrPT SenST
π // SenST

SenSU

SenSµTh

��

commutes, that is,SenSµTh◦π = π ◦PrPµTh. This will be done by showing that

(SenSµTh◦πT)(x) = (πU ◦PrPµTh)(x) (4.42)
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for somex= (X, t, p, t ′)∈PrPT and theoryT = (Σ,Γ). The left-hand side of Eq. (4.42)
is then

(SenSµTh◦πT)(x) = SenSµTh(πT(X, t, p, t ′))

= SenSµTh((∀X) t = t ′)

= ((∀µ(X)) µ(t) = µ(t ′))

while the right-hand side of Eq. (4.42) is

(πU ◦PrPµTh)(x) = πU (PrPµTh(X, t, p, t ′))

= πU (µ(X),µ(t), p′,µ(t ′)))

= ((∀µ(X)) µ(t) = µ(t ′))

Wherep′ is the proof of(∀µ(X)) µ(t) = µ(t ′) in theU theory. We know that there exists
such a proof due to the construction ofµTh, see Definition 46. Clearly, both the left-
hand side and the right-hand side yield the same equation andwe may subsequently
conclude thatπ is a natural transformation. �

The proof process whichPEq and PrEq perform is both sound and complete—
see e.g. [27] for formal proof—and as a result, it is clear fromits construction that the
image ofπT is the set of equations provable from the theoryT = (Σ,Γ). In other words,
the image contains exactly the sentences ofΓ•. Just as required in Definition 57(iv).

This rather theoretical description may be more easily understood through the help
of a complete example.

Example 42 In the chapter introduction, the reason for thoroughly examining these
issues was motivated, in particular we wondered about the following question:

Is it alwaystrue thatHead(Tail(Cons(x,Cons(y,Nil))))= Head(Cons(y,z))?

It is now possible to not only pose this question in a formal way but also conclusively
answer it. Using the equational theory given in Example 34 weare in essence asking
whether

ΓEqNatList⊢ (∀{{x,y}nat,{z}natlist})

Head(Tail(Cons(x,Cons(y,Nil)))) = Head(Cons(y,z)).

holds. This, in turn, asks whether there exists a derivationsequencep = ϕ1, . . . ,ϕn

such that

[{{x,y}nat,{z}natlist},Head(Tail(Cons(x,Cons(y,Nil)))),

p,Head(Cons(y,z)] ∈ PrP(TEqNatList). (4.43)
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We may easily construct one possiblep by letting p = ϕ1,ϕ2, . . . ,ϕ9 such that

ϕ1 = (∀X) Head(l1) = Head(l1)

ϕ2 = (∀X) Head(Tail(Const(e1, l2))) = Head(l2)

ϕ3 = (∀X) Head(Tail(Const(e2,Cons(e3, l3)))) = Head(Cons(e3, l3))

ϕ4 = (∀X) Head(Cons(e3,Nil)) = e3

ϕ5 = (∀X) Head(Cons(e3, l4)) = e3

ϕ6 = (∀X) e3 = Head(Cons(e3, l4))

ϕ7 = (∀X) Head(Cons(e3,Nil)) = Head(Cons(e3, l4))

ϕ8 = (∀X) Head(Tail(Const(e2,Cons(e3, l3)))) = Head(Cons(e3, l4))

ϕ9 = (∀{{x,y}nat,{z}natlist})

Head(Tail(Const(x,Cons(y,Nil)))) = Head(Cons(y,z)).

for some temporary variablese1, . . . ,e3 ∈ Xnat andl1, . . . , l4 ∈ Xnatlist. The exact details
behind the above derivation steps will not be accounted for,this is left as an exercise
for the reader. Instead we observe that these together describe the morphism

Head(Tail(Const(x,Cons(y,Nil))))
p // Head(Cons(y,x))

which we may find inPEq(TEqNatList). This morphism will subsequently be extracted
by PrEq so Eq. (4.43) holds and we may therefore conclude that the question posed has
an affirmative answer. 2

We will revisit this proof calculi for equational logic in Section 4.9 where the cat-
egory of proof calculi is described. In that section an example will be given where we
go from the equational calculi to the first order calculi which will be presented next.

4.8.2 Proof Calculi for First Order Logic

Moving on to the first order case we first recall that the basis for the first order logic
proof calculi presented here is natural deduction. This form of deduction is well known
and has a rather simple structure, although it is somewhat more complex than equa-
tional deduction. For this reason, a thorough description of natural deduction will be
omitted and only a brief overview will be given. For a more formal treatment of natural
deduction in the many-sorted case see e.g. [5, 37].

Natural deduction which was independently invented by S. Jaskowsky and G. Gent-
zen in the mid 1930’s is a calculi intended to match human reasoning [34]. One
of the most noticeable differences from other calculi is thepossibility of doingsub-
derivations(or subproofs) which in essence means that it is possible to make arbitrary
assumptionsduring the proof process. Consider a brief example; Assume that the for-
mula ϕ holds, then if we, given this assumption, are able to deduce the truth of both
ϕ′ and¬ϕ′ then it is possible to draw the conclusion that¬ϕ must hold. This particu-
lar example is one of the inference rules of natural deduction. Unfortunately, it is not
possible to directly express rules of this form in the previously defined notion of infer-
ence rules—we need to generalize it slightly. Recall that, given a theoryT = (Σ,Γ), an
inference rule

ϕ1 . . . ϕn

ϕ
conditions
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means that under the given conditions, ifΓ ⊢Σ ϕ1, . . . ,Γ ⊢Σ ϕn thenΓ ⊢Σ ϕ. We may
therefore equivalently write

Γ ⊢Σ ϕ1 . . . Γ ⊢Σ ϕn

Γ ⊢Σ ϕ
conditions.

Using this notation, the inference rule given as a small example may then be written

Γ∪{ϕ} ⊢Fo
Σ ϕ′ Γ∪{ϕ} ⊢Fo

Σ ¬ϕ′

Γ ⊢Fo
Σ ¬ϕ

.

Using this new notation when needed, we now turn to a short description of the
inference rules which lie at the heart of natural deduction.First we observe that most
of them may be classified as eitherintroducingor eliminatingrules. Stated informally,
given one or more formulas an introducing rules create a new formula. Dually, given
one or more formulas, an eliminating rule extract a formula which is a component of
one of the input formulas. Given a theoryT = (Σ,Γ) whereΣ = (S,Ω) with associated
family of variablesX, the inference rules of [45]—somewhat simplified and adaptedto
our many-sorted logic—are

Γ∪{ϕ} ⊢Fo

Γ∪{ϕ} ⊢Fo ϕ
(4.44)

Γ ⊢Fo ϕ
Γ∪Γ′ ⊢Fo ϕ

(4.45)

that is, an axiom may always be derived and adding further axioms never invalidate an
already derived formula. Additionally, the introducing and eliminating rules are first

Introducing rule Eliminating rule

t=== t
(4.46)

ϕ t=== t ′

ϕ′
(4.47)

wheret, t ′ ∈ TΣ,sX, s∈ S, andϕ′ is a formula identical toϕ but where an arbitrary
number of occurrences of the termt have been replaced by the termt ′. The rest of the
rules are more straight-forward—except the last one—and these are such that

Γ∪{ϕ} ⊢Fo ϕ′ Γ∪{ϕ} ⊢Fo ¬ϕ′

Γ ⊢Fo ¬ϕ
(4.48)

¬¬ϕ
ϕ

(4.49)

ϕ ϕ′

ϕ∧∧∧ϕ′
(4.50)

ϕ∧∧∧ϕ′

ϕ
,

ϕ∧∧∧ϕ′

ϕ′
(4.51)

Γ∪{ϕ} ⊢Fo ϕ′

Γ ⊢Fo ϕ−→−→−→ϕ′
(4.52)

ϕ ϕ−→−→−→ϕ′

ϕ′
(4.53)

ϕ
(∀x : s) ϕ

x /∈ free(ϕ) (4.54)
(∀x : s) ϕ

ϕ′′
(4.55)

whereϕ,ϕ′,ϕ′′ ∈ SenFo(Σ), s∈ S and theϕ′′ of Eq. (4.55) is precisely the same asϕ
but havingeachoccurrence of the variablex replaced by some arbitrary termt ∈ TΣ,sX.
As mentioned, these rules are relatively straight-forwardand given the previously cov-
ered material, should not need extensive explanations. It should be mentioned that
the inference rules of natural deduction may be presented inmany different manners.
Additionally, the exact number of rules may vary somewhat depending on how the
underlying logic was defined.
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The proofs of natural deduction are often thought of in termsof as so-calledproof
trees; the name stems from the appearance of the proofs with the proven formula as
root and stacked inference rules forming the structure of the tree branches and leaves.
No formal description of these proof trees will be given, they will instead be introduced
in the form of a simple example.

Example 43 Suppose we wish to prove the first order sentence

(x∧∧∧False)−→−→−→(∀y : bool) (True∧∧∧y)===y). (4.56)

using the theoryTFoBool given in Example 33. By taking advantage of the inference
rules given above, we may construct a proof tree which shows the correctness of
Eq. (4.56). So as to avoid confusion, please recall the difference between∧ and∧∧∧;
the former is part of the syntax introduced by the theory and the latter is part of the
logic’s so-calledmetalanguage.

x===x
ΓFoBool∪{x∧False} ⊢Fo x===x

v===v
ΓFoBool ⊢Fo v===v

ΓFoBool∪{x∧False} ⊢Fo (∀y : bool) y===y
ΓFoBool∪{x∧False} ⊢Fo (x===x)∧∧∧(∀y : bool) y===y

(x∧False)−→−→−→((x===x)∧∧∧((∀y : bool) y===y))

The proof tree above—rooted at the bottom and having two leaves—shows that it is
possible to derive Eq. (4.56) from the axioms ofTFoBool.

Note that we are forced to introduce a new, unique, variable when applying the
introducing rule for∀, that is, the rule of Eq. (4.54). If addition of a new variableis
omitted, there is a risk that the proof becomes inconsistent. Consider for example the
simple formulax===True−→−→−→(∀x : s) x===True. 2

Of course, the proof calculi which will be presented here will, as part of its proof-
theoretic structures, take advantage of proof trees. As a first step towards this descrip-
tion, there is a need to find an appropriate representation ofthese proof-theoretic struc-
tures and in this case, a category of what in [31] are termedmulticategorieswill work
very well. These multicategories are also calledstrict monoidal categoriesand are un-
der that name covered in detail in [28]. Only a semi-formal definition will be given
here—instead, the interested reader is referred to the abovesources. The basic concept
of a multicategory is that its objects are strings ofbasic objects, drawn from an alphabet
defined separately from the category itself. The monoidal part of “free monoidal cate-
gory” arise from it having an associated multiplication functor and an identity object.
This is analogous to traditional monoids which commonly aredefined as a pair(S, ·)
whereS is a set and· is a binary relation with an identity elementi ∈ S such that for
anys∈ S, we havei ·s= s· i = s, see e.g. [2]. The description of multicategory is made
more formal by the following definition:

Definition 59 (Multicategories) A multicategory is a tripleM = (O,C,‡) where

(i) O is a set ofbasic objects, and

(ii) C is a category having as objects finite strings of basic objects, that is,

Ob(C) = {A1 ‡A2 ‡. . .‡An | A1,A2, . . . ,An ∈ O,n≥ 0}.

The empty string, that is, whenn = 0, is denoted∅.
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(iii) ‡ : C× C // C is a functor—typically expressed in an infix way—describing
multiplication in such a way that for strings

Γ = A1 ‡. . .‡An,∆ = B1 ‡. . .‡Bm ∈ Ob(C),

we have
Γ ‡∆ = A1 ‡. . .‡An ‡B1 ‡. . .‡Bm ∈ Ob(C),

that is, the strings are concatenated. Similarly, the multiplication ofC-morphisms
α : Γ // ∆ andβ : Γ′ // ∆′ is anotherC-morphism

Γ ‡Γ′ α‡β // ∆ ‡∆′.
2

Remark 19 From this definition we clearly see the monoidal property as∅ will act
as the identity for the multiplication functor. That is, forany Γ ∈ Ob(C), we have
Γ ‡∅ = ∅‡Γ = Γ. 2

Remark 20 From Definition 59(ii) it is obvious that for any multicategory (C,O,‡), it
is the case thatO ⊆ Ob(C). 2

The notion of multicategory may be extended to a category of multicategories,
denotedMultCat whose objects are multicategories and morphisms are functors be-
tween them. These functors are defined in the natural manner subject to one unobvious
restriction—basic objects must be mapped to basic objects. By this is meant that a
morphism

(C,O,‡)
F // (C′,O ′,‡′)

in MultCat is such that each basic object ofO is mapped to a corresponding basic
object inO ′. It is this MultiCat category which in this proof calculi shall take the
place of theStruct category mentioned in Definition 57.

Having established whatStruct is, it is possible to define the actual proof calculi
for our notion of first order logic. This proof calculus will here be denoted

P
Fo = (SignFo,SenFo,⊢Fo,PFo,PrFo,πFo)

whereSignFo, SenFo, and⊢Fo describe a first order entailment system, just as presented
in Section 4.2. It remains to definePFo, PrFo, andπFo.

We letPFo : Th0 // MultiCat be the functor such that, given some theoryT =
(Σ,Γ) ∈ Ob(Th0), PFo(T) is the multicategory havingSenFoS(T) as set of basic ob-
jects, that is

Ob(PFo(T)) = {ϕ1 ‡. . .‡ϕn | ϕ1, . . . ,ϕn ∈ SenFoS(T),n≥ 0}

and having as morphisms

ϕ1 ‡. . .‡ϕn
p // ϕ′

1 ‡. . .‡ϕ′
m n≥ 0,m≥ 1,

wherep = p1 ‡ . . . ‡ pm is such thatpi , 1≤ i ≤ m, is a proof tree ofϕ′
i which has as

leafs sentences from no other sources thanΓ andϕ1, . . . ,ϕn. For the special case when
n = 0—that is, for a morphism of the formp : ∅ // ϕ′

1 ‡ . . .‡ϕ′
m—each sentence in
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the codomain is directly derivable from the axioms in the given theory. This is a crucial
detail to keep in mind when we now turn to the definition ofPrFo.

We let PrFo : MultiCat // Set be a functor such that for each multicategory,
say(O,C,‡), it is the case that

PrFo(O,C,‡) = {α ∈ HomC(∅,A) | A∈ O},

which in the context of the previously defined proof-theoretic structures gives

PrFo(PFo(T)) = {∅
p // ϕ | ϕ ∈ SenFoS(T), p∈ HomPFo(T)(∅,ϕ)}.

The task of projecting the sentences from this is easy and we have for each proof
p : ∅ // ϕ ∈ PrFoPFoT,

πFo(∅
p // ϕ) = ϕ.

Just as in the example showing the equational proof calculus, we must establish that
πFo truly is a natural transformation.

Proposition 13 LetπFo : PrFoPFo // SenFoS be as given above, thenπFo is a natural
transformation. 2

PROOF To avoid excessive notation, let in this proofSen= SenFo, P= PFo, Pr = PrFo,
andπ = πFo. We then wish to show that

T

U

µTh

��
PrPU SenSUπT

//

PrPT

PrPU

PrPµTh

��

PrPT SenST
πT // SenST

SenSU

SenSµTh

��

commutes, that is,SenSµTh◦π = π ◦PrPµTh. This will be done by showing that

(SenSµTh◦πT)(x) = (πU ◦PrPµTh)(x) (4.57)

for somex = p : ∅ // ϕ ∈ PrPT and theoryT = (Σ,Γ). The left-hand side of
Eq. (4.57) is then

(SenSµTh◦πT)(x) = SenSµTh(πT(p : ∅ // ϕ))

= SenSµTh(ϕ)

while the right-hand side of Eq. (4.57) is

(πU ◦PrPµTh)(x) = πU (PrPµTh(p : ∅ // ϕ))

= πU (p′ : ∅ // SenSµTh(ϕ))

= SenSµTh(ϕ).

The remark which was made in the proof of Proposition 12 regarding p′ still stands, its
existence is guaranteed from the construction ofµTh. Therefore, both the left-hand side
and the right-hand side clearly yield the same result and we conclude thatπ is indeed a
natural transformation. �
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It is clear from the construction ofπFo that for some first order theoryT, that the
image ofπFo

T is the set of sentences provable from the axioms ofT. Proving soundness
and completeness—in the form of the important Gödel’s Completeness Theorem—of
this proof process lies outside the scope of this thesis but the proof for the unsorted
case may be looked up in e.g. [45].

This concludes the construction of thePFo proof calculus. We will now extend the
notion of proof calculi to the world of categories.

4.9 The Categories of Proof Calculi and Logic Systems

The two major concepts left to describe are the extensions ofproof calculi and logic
systems into their respective category. As before, it is first necessary to establish pre-
cisely what constitutes a mapping in the context of proof calculi and logic systems. For-
tunately, once a mapping of proof calculi has been described, the logic system mapping
will follow without much effort.

Recall that a proof calculi consists in part of an entailmentsystem, a map of proof
calculi will subsequently consist in part of a map of entailment systems. Further, a map
of proof calculi will also be required to translate the proofs of the source proof calculi
into valid proofs in the target calculi. These notions are formalized in Definition 60
below.

Definition 60 (Map of proof calculi) Let

P = (Sign,Sen,⊢,P,Pr,π) and

P
′ = (Sign′,Sen′,⊢′,P′,Pr′,π′)

be two proof calculi. Then amap of proof calculi(Φ,α,γ) : P // P ′ is such that

(Sign,Sen,⊢)
(Φ,α) // (Sign′,Sen′,⊢′)

maps the embedded entailment system ofP to the one ofP ′, and

Pr ◦P
γ // Pr′ ◦P′ ◦Φ

is a natural transformation such that

αS ◦π = π′
Φ ◦ γ. (4.58)

2

Informally, one may say that Eq. (4.58) requires the map to besuch that mapping
the projected proofs of the source logic to sentences of the target logic yield the same
result as mapping the proofs first and then projecting the sentences. This is mostly
clearly demonstrated using an example. As previously mentioned, this example will
consist of the construction of a map which takes the proof calculi of equational logic,
PEq, to the proof calculi of first order logic,PFo as they were given in Section 4.8.1
and Section 4.8.2, respectively.

Example 44 Let

P
Eq = (SignEq,SenEq,⊢Eq,PEq,PrEq,πEq)
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denote the example equational proof calculus of Section 4.8.1 and, similarly, let

P
Fo = (SignFo,SenFo,⊢Fo,PFo,PrFo,πFo)

denote the first-order proof calculus of Section 4.8.2. We may construct the mapping

PEq
(Φ,α,γ) // PFo

by letting Φ and α be as in Example 35, that is(Φ,α) is the map which takes the
underlying entailment system ofPEq to entailment system ofPFo. Turning to the
construction ofγ, we first observe that we are fortunate in so far that the inference
rules of equational deduction are subsumed by those of natural deduction. In particular
it is easy to see that the equational deduction inference rules of Eq. (4.35) through
Eq. (4.39) may be represented using one or more applicationsof the Eq. (4.46) and
Eq. (4.47) natural deduction inference rules. Using this observation, we may for each
equational theoryT = (Σ,Γ), whereΣ ∈ Ob(SignEq) andΓ ∈ P SenEq(Σ), construct
the first-order proof

γT(X, t, p, t ′) = ∅
p′ // αΣ((∀X) t = t ′) (4.59)

wherep′ is a proof tree constructed fromp = ϕ1, . . . ,ϕn, n ≥ 1, as per the following
argument: We know from Eq. (4.40) thatϕn = (∀X) t = t ′, and thatϕi , 1≤ i ≤ n, may
be derived fromϕ1, . . . ,ϕi−1 in a single equational deduction step. Further, since it
is possible to “simulate” the inference rules of equationaldeduction using the natural
deduction inference rules, we know that there exists proof treesp1 and p′1 such that
p′ = p′1 ◦ p1 and

∅
p1 // αΣ(ϕ1)

p′1 // α(ϕn).

Continuing, we know that there exists proof treesp2 andp′2 such thatp′ = p′2 ◦ p2 ◦ p1

and

∅
p1 // αΣ(ϕ1)

p2 // αΣ(ϕ1)‡αΣ(ϕ2)
p′2 // α(ϕn).

Inductively extending this argument will give that there exist proof treesp1, . . . , pn such
that p′ = pn ◦ . . . ◦ p1 and

∅
p1 // αΣ(ϕ1) // . . . // αΣ(ϕ1)‡. . .‡αΣ(ϕn−1)

pn // α(ϕn).

How to exactly find the proof treesp1, . . . , pn will here be left unspecified but it
is worth noting that the search space will be finite since we may limit our search to
rule instances having as output strings of length no greaterthan the length ofϕn and
the maximum depth of each proof tree is bounded by the number of variables in the
formula. While theoretically possible, such a brute force search is of course an un-
reasonable approach in practice. To make the situation moretractable, one could for
example extend the notion of an equational deduction proof to include information of
which particular rule instance was applied in each deductive step.

From the construction of this map it follows immediately that the condition of
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Eq. (4.58) is upheld. More specifically, we have

(αS ◦πEq)T(X, t, p, t ′) = αST(πEq
T (X, t, p, t ′))

= αST((∀X) t = t ′)

= πΦT(p′ : ∅ // αST((∀X) t = t ′))

= πΦT(γT(X, t, p, t ′))

= (πΦ ◦ γ)T(X, t, p, t ′).

2

In light of the previous example, one might ask whether it is possible to construct
a map when one is not fortunate enough to have a target proof calculi with a deductive
system which subsumes the deductive system of the source proof calculi. The answer
may be found by considering Eq. (4.58). Under the assumptionthat the source and
target proof calculi have been fixed, we are able to alter onlyα andγ—the two natural
transformationsπ andπ′ are part of the proof calculi. Therefore, since we are unable
to translate proofs without loss of information, we will have constructα andγ such
that this loss of information does not introduce inconsistencies. By constructing these
two in a clever manner, it is indeed possible to construct maps from proof calculi of
greater expressive power to less powerful ones. Put shortly, this situation is similar to
the one presented in Example 38 where the institution of many-sorted equational logic
was taken to its unsorted same. In both cases, some loss of information is unavoidable
in the general case but this is sometimes an acceptable priceto pay.

Composition of proof calculi is defined precisely in the manner one might expect.
That is, theΦ andα components are composed in the style introduced in Definition 50
where composition of maps of entailment systems was given. Finally, theγ components
are vertically composed—with care taken to not forget the stackedΦ component. The
following more formal description illustrate this.

Definition 61 (Composition of maps of proof calculi) Let

P
(Φ,α,γ) // P ′ (Φ′,α′,γ′) // P ′′

be maps of proof calculi, then the composition of them,

P
(Φ,α,γ)◦(Φ′,α′,γ′) // P ′′,

is such that
(Φ,α,γ) ◦ (Φ′,α′,γ′) = (Φ′ ◦Φ,α′

S ′ΦT
◦α,γ′Φ ◦ γ)

2

That composition of maps of proof calculi as given in Definition 61 yield a map
of proof calculi and that composition is associative is shown much like in the previous
maps so this will not be formulated in a proposition here. Instead, we simply conclude
that—taking advantage of the results presented in this section—the category of proof
calculi is defined as follows.

Definition 62 (The category of proof calculi) LetPCalc denote the category of proof
calculi. Its objects are all proof calculi as described in Definition 57 and its morphisms
are maps of proof calculi, given in Definition 60. 2
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Extending this definition to incorporate logic systems giveus another category; the
one for logical systems.

Definition 63 (The category of logical systems)Let LogSys denote the category of
logical systems having as objects all logical systems as perDefinition 58 and having as
morphisms maps such that ifS andS ′ are logical systems, then a map between them
is a quadruple(Φ,α,β,γ) : S // S ′ such that

logic(S )
(Φ,α,β) // logic(S ′)

maps the logic component ofS to its counterpart inS ′ and

pcalc(S )
(Φ,α,γ) // pcalc(S ′)

similarly maps the proof calculus ofS to the proof calculus ofS ′. Here, logic and
pcalc are projection operations having the obvious definition—these have been intro-
duced merely for notational convenience. 2

4.10 Framework Logics

This chapter has first and foremost shown that we may represent logics and logical
systems in the categorical context. The primary strength ofthese representations is
that one may in a rather convenient manner move from one representation to another.
The running example having been the transition between equational logic and first
order logic. While the construction of the various morphismsin this example has been
relatively straight-forward, this may not always be the case. In fact, as one might
imagine, they can be considerably harder. This problem is further compounded by the
continuous creation of new logics as research into new areasoften give rise to the need
of new representations and notions of logic. For each new logic created, there exists a
need to identify and construct mappings from the new logic tothe old familiar ones;
certainly not a trivial problem.

These difficulties form to a large part the motivation behindthe notion of aframe-
work logic. That is, very general style of logic in which many other logics may be
represented. This allows the framework logic to act as a central hub when translat-
ing between logics, that is, if one with to go from a newly created logic to various
other logics it is possible to first translate it into the framework logic and then use one
of the—hopefully existing—translation from the framework logic to the target logics.
The benefit is obvious, we save ourselves a lot of work by only having to specify a
small number of translations. The problem is also obvious, aframework logic would
have to be very general indeed before it is practically useful. Ideally, one would like
the framework logic to be general enough to represent most logics of interest—known
and unknown—while at the same time being manageable in size and complexity. A
few candidates have been proposed, see e.g. [35]. One which has received quite some
attention isrewriting logic which was introduced by Narciso Martı́-Oliet and Jośe
Meseguer [30] and as we shall see in the following chapter, rewriting logic has been
quite successfully put into practical use.
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Chapter 5

Applications

The focus of this thesis has been the theoretic notions of logic and how these are readily
adaptable for a description based on the framework of category theory. The pursuit for
such a description is not motivated solely by intellectual curiosity, it is in fact quite
possible to apply these notions in more practical settings.Since, as mentioned, the
focus has been on the theoretical foundations only two such settings will be considered
here and those will only be discussed in a brief and superficial manner. For more
in-depth coverage of these, please see the references given. The two problem settings
covered is first, the problem of providing decision support systems in medical situations
and second, the problem of formal program specifications—in the form of algebraic
specifications.

5.1 Medical Decision Support Systems

In the field of medicine, the concepts presented in this thesis may find themselves in
an important role. In particular, research on medical decision support systems has
moved in the direction of basing these systems on the notionsof formal logic [26, 41].
This approach stems from the observation thatclinical guidelineswhich provide physi-
cians with a uniform set of rules for finding a correct diagnosis and cost-efficient
treatment [41]. The connection with formal logic—in the manner which we have
examined—may easily be found by considering a guideline as a logic having as axioms
the guideline rules. Using these rules—or axioms—together with a set of symptoms,
a diagnosis may then be found using a deductive process. Given a suitable mecha-
nization of this deductive process it becomes possible to construct a decision support
system which help a physician efficiently diagnose a particular patient.

In [11, 26], preliminary work in the construction of formal representations of a few
particular guidelines was presented. These representations take the form of two-valued
and many-valued logics and this together with the fact that different guidelines may
be needed when performing the diagnostic deduction, present a problem for which the
notions of Chapter 4 seem perfectly suited. Using the idea ofinstitutions, entailment
systems, and so forth, a consistent map between them would allow an integrated rea-
soning process which take into account all necessary guidelines. The consistency of
this map is of course essential—a faulty diagnosis could prove catastrophic—and the
guarantees given us by the categorical approach are therefore very tantalizing. This
direction of research will be presented in greater depth by Helena Lindgren in [25].
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5.2 Algebraic Specifications

In essence the goal ofalgebraic specificationsis to be able to reason in a formal man-
ner about the correctness of a program with regard to its expected functionality. By
formally specifying program functionality it is possible to more easily experiment with
the program design and eventually aid in the construction ofthe program itself—it may
even be possible to automatically construct the program [44]. In practice, this is done
with the help ofterm rewriting systemsor specification languages. In this type of lan-
guage or system we are, first, able to specify the sorts and operations of the program
and, second, the axioms which must be fulfilled by the program[40]. This situation is
of course directly analogous to our, by now familiar, notions of signatures and theories.

One of the most popular languages which—among other things—provide facilities
for algebraic specification is Maude [6] system. This systemis based on the previously
mentioned rewriting logic and in its operation it uses the categorical view of logic we
have described. As a result, one is able to in the Maude language construct modules
which specify maps taking a given logic into rewriting logic. In [30], such a map is
given in detail for linear logic [13]. By being allowed to create such maps we are,
using a single software system, able to work with many different logics. This is of
course very convenient.

To very briefly familiarize ourselves with the functionality of this type of alge-
braic specification systems, we may consider the theoryTEqNatList of Example 34. For-
tunately, it is possible to construct this example directlyas a rewriting theory since
equational logic is a part of rewriting logic [6]. Note that we, using the keyword
protecting, import the build-in modulesNAT andBOOL which provide natural num-
bers and booleans, respectively. This import also include the operations acting on the
Nat andBool sorts. The importing is somewhat analogous to the situationin Exam-
ple 34. The Maude module forTEqNatList is

fmod NATLIST is
protecting NAT . protecting BOOL .
sort Natlist .
op nil : -> Natlist .
op head _ : Natlist -> Nat .
op tail _ : Natlist -> Natlist .
op cons _ _ : Nat Natlist -> Natlist .
op empty _ : Natlist -> Bool .
vars x : Nat . vars y : Natlist .
eq empty nil = true .
eq empty (cons x y) = false .
eq head (cons x y) = x .
eq tail (cons x y) = y .

endfm

With this module specified, it is now possible to evaluateΣNATLIST-terms in theTEqNatList

theory using thereduce keyword. A slightly abbreviated session may for example give

Maude > reduce in NATLIST : head (tail (cons 3 (cons 2 (cons 1 nil)))) .
result NzNat: 2
Maude > reduce in NATLIST : empty (tail (cons 1 nil)) .
result Bool: true

A more in-depth treatment of the construction of specification languages may be
found in the excellent bookSpecification of Abstract Data Typesby Loeckx, Ehrich,
and Wolf [27]. The book builds from the very basics of signatures, algebras and
models—as we have done in throughout this text—into a fairly featureful formal spec-
ification language calledSL.



Chapter 6

Discussion and Conclusions

As was mentioned in the introduction, a considerable amountof ground has been cov-
ered in this thesis. In addition to this, many of the conceptsinvolved are quite intricate
and one may require extensive pondering before fully grasping them—at least this has
been my experience. Despite this, I hope that much of it has proven interesting and
thought provoking. It is clear that the implications of being able to jump from logic
to logic while retaining the semantics are of considerable interest and the possibilities
are perhaps far more extensive than one might suspect. In many ways this is still a
very fresh field of research so much is still left to discover.Even basic issues such as
notation and foundational definitions are still in something of a state of flux. For this
reason, a reader comparing this thesis with other texts on the same subject might notice
details differing regarding notation and definitions. For the most part, the notation has
in this text been made more explicit—especially compared to the important source text
of [31], which although supremely elegant may seem somewhatobtuse. This, more
explicit, notation was chosen quite carefully and hopefully will help make the subject
matter somewhat more accessible for the unfamiliar reader.

The examples given in the thesis have primarily focused on a many-sorted type of
equational and first-order logic, respectively. The motivation behind limiting the exam-
ples to these two cases is that it allows more in-depth consideration of the mechanics
and mathematics behind the notions presented without continually having to bring up
unrelated concepts. Unfortunately, this limitation may give the appearance that insti-
tutions, entailment systems, and so on are primarily intended to represent these logics.
But, this is certainly not the case! One should therefore take care so as to not think of
these notions as being limited to the cases shown, they are infact extremely general
and will allow the description of many different—and practically useful—logics.

An interesting aspect of the mappings which have been covered is that it is often
possible to describe, in a consistent manner, maps from a “rich” logic to one which is
less rich. In Example 39 such a map was given between the institution of many-sorted
equational logic to its unsorted cousin. It was there commented that these maps will be
lossy, however, one can imagine situations where this is acceptable and allows a more
practically useful logic. That is, if the logic of interest is of an extraordinarily complex
nature then an acceptable map to a more tractable logic givesthe opportunity to draw
useful conclusions in an efficient manner. The crucial observation to make is that the
maps describedguaranteethe invariance of truth. In other words, we may be certain
that the conclusions drawn in the simplified logic are also valid in the more complex
one.
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Before closing this discussion, it is worth mentioning a final interesting aspect of
the notion of institutions, proof calculi, and their cousins. Namely the idea of “bor-
rowing logic”. In essence this means that given a logic whichlack, for example, a
proof calculi it is possible to adapt the proof calculi of a different logic provided a
suitable map can be found. Unfortunately, there is no room for further discussion of
this fascinating issue. Instead, the interested reader is referred to the fine—and aptly
named—articleMay I Borrow Your Logic?by Maura Cerioli and José Meseguer.

6.1 Future Work

During the preparation of this thesis it has become apparentthat the content covered
is part of an active and vibrant field of studies, one in which there still are many open
questions and many important tasks still to perform. An attempt at covering all of
them in this section of course would be futile—that could in itself quite likely be a
rather important contribution to the field and possibly an interesting topic for a master’s
thesis. Instead, two widely separate possible future directions are discussed. First, the
possibility of generalizing our notion of terms and second,the popularization of the
subject. These issues may or may not be suitable topics for further study within the
boundaries of future thesis work for interested students.

6.1.1 Generalization Using Monads

An interesting possibility which was brought to my attention by my supervisor Patrik
Eklund is the tentative possibility of extending the notions of logic as we have encoun-
tered them in Chapter 4 into a far more general concept with the help of monads. I will
here briefly expand on this idea. Since they have previously only been superficially
mentioned in Chapter 2, it may be of interest to give a quick definition of monads.

Definition 64 (Monads) A monadF over some categoryC is a triple F = (F,η,µ)
whereF : C // C is a functor and the natural transformationsη : id // F andµ :
F ◦F // F are such thatµ◦Fµ= µ◦µF andµ◦Fη = µ◦ηF = idF . 2

Before expanding on the use of monads in the generalization hinted at above we
must recall from Definition 20 thatTΣX represents the family ofΣ-terms using the
associated family of variablesX. While it was omitted at that time, it is in fact possible
to extendTΣ to a functorTΣ : FSet // FSet, whereFSet is the category of families
of sets, which takes a family ofΣ-variables to the family of terms over the signatureΣ
using the given variables. Furthermore, as shown in [10],TΣ may be viewed as a monad
TΣ = (TΣ,ηTΣ ,µTΣ)—whereηTΣ andµTΣ are suitably defined natural transformations.

Using the term monad it is now possible to view, for example, an entailment system
not as the triple(Sign,Sen,⊢) of Definition 42, but rather a triple(TΣ,Sen,⊢) where
theSenfunctor of this new entailment system structure is a slight modification of the
old Senfunctor. Since variable substitution is an essential part of the Senfunctors we
have viewed so far, it is worth nothing thatηTΣ , by Definition 64, has precisely the
appearance of a variable substitution—it is in fact the identity inclusion substitution.
However, sinceall monads has a natural transformation with this appearance would
it not be possible to generalize the entailment system to work with any monad? It
does not seem entirely unfeasible since there must, at the very least, be one variable
substitution we may use inSen. In other words, is(F,Sen,⊢), for any monadF, an
entailment system?
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Furthermore, monads have been shown to be composable under certain conditions,
see e.g. [12]. A question then arise: Using the monad composition F ◦G, whereF and
G are any composable monads, what would the properties of the entailment system
(F ◦G,Sen,⊢) be? How should maps of these entailment systems be defined, that is,
which conditions must be upheld?

These ideas represent interesting and currently poorly understood possibilities of
generalizing the structures presented in Chapter 4. Since the idea is poorly understood
it is at this point hard to tell what the implications of finding the conditions necessary
for constructing consistent structures and maps—indeed, ifsuch conditions even exists.
Subsequently, very interesting possibilities for foundational research exists in the area.

6.1.2 Implementation of Decision Support System

In Section 5.1, it was explained how there exists a tantalizing possibility of using insti-
tutions, entailment systems, and so on, in a formal representation of clinical guidelines.
As was mentioned, this construction would allow automated reasoning to be used in a
decision support system. As was also mentioned, however, this approach has not been
thoroughly examined and a considerable amount of interesting research remains—both
in the area of foundational theory and in how to best apply it in a clinical setting. The
open questions range from the problem of finding a good formalrepresentation of clin-
ical guidelines—see e.g. [11] for some previous work in this area—to the problem of
deciding how to best present a system based on these notions to a working physician.

6.1.3 Popularization

As we have seen, and the discussion on applications have provided hints towards, the
ideas described in this thesis have great worth. Both as a field of theoretical study
and for more hands-on application. However, today much of the information on the
subject is only to be found in research papers and as a result is often rather obtuse and
extremely technical for the non-research oriented reader.This text has to a great part
concentrated on presenting the notions in a less daunting fashion—whether this aim
has been successful or not is of course up to the reader. In either case, it is likely that
there is room for a more accessible presentation of the subject. Of course, correctness
should not be compromised but there would not be a need to be quite as rigorous as has
been the case in this thesis. This more accessible presentation could, perhaps, take the
form of a book aimed at undergraduate studies, interested enthusiasts, and members of
the industry. One could even—in a fit of splendid naı̈vité—imagine adapting of some
of the topics covered into a form suitable for inclusion in a popular scientific book on
theoretical computing science.
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